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PEEFACE. 



In writing the present treatise on the Integral Calculus 
the object has been to produce a work at once elementary and 
complete— adapted for the use of beginners, and sufficient 
for the wants of advanced students. In the selection of the 
propositions, and in the mode of establishing them, I have 
endeavoured to exhibit fully and clearly the principles of the 
subject, and to illustrate all their most important results. 
The process of summation has been repeatedly brought for- 
ward, with the view of securing the attention of the student 
to the notions which form the true foundation of the Integral 
Calculus itself, as well as of its most valuable applications. 
Considerable space has been devoted to the investigations of 
the lengths and areas of curves and of the volumes of solids, 
and an attempt has been made to explain those difficulties 
which usually perplex beginners — especially with reference 
to the limits of integrations. 

The transformation of multiple integrals is one of the 
most interesting parts of the Integral Calculus, and the ex- 
perience of teachers shews that the usual modes of treating 
it are not free from obscurity. I have therefore adopted a 
method diflferent from those of previous elementary writers, 



and have endeavoured to render it easily intelligible by full 
detail, and by the solution of several problems. 

The Calculus of Variations seems to claim a place in the 
treatise with the same propriety p^ the ordinary 
)f maxima and minima values is included in the 
tial Calculus. Accordingly a chapter of the treatise 
3d to this subject ; and it is hoped that the theory 
itrations there given ■will be found, with respect to 
,y and comprehensiveness, adapted to the wants of 

:der that the student may find in the volume all that 
ires, a large collection of examples for exercise has 
pended to the several chapters. These examples 
m selected from the College and University Esami- 
'apers, and have been carefully verified, so that it is 
that few errors will be found among them. 
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INTEGRAL CALCULUS. 



CHAPTER I. 

•MEANING OF INTEGKATION. EXAMPLES. 

1. In the Diflferential Calculus we have a system of 
rules by means of which we deduce from any given function 
a second function called the dififerential coeflScient of the 
former; in the Integral Calculus we have to return from the 
differential coeflScient to the function from which it was 
deduced. We do not say that this is the object of the 
Integral Calculus, for the fundamental problem of the subject 
is to effect the summation of a certain infinite series of in- 
definitely small terms; but for the solution of this problem we 
must generally know the function of which a given function is 
the differential coeflScient. This we now proceed to shew. 

2. Let <^ {x) denote any function of x which remains 
continitous for all values of x comprised between two fixed 
values a and b: where continuous has the meaning defined in 
Art. 90 of the Differential Galaulus. Let x^, x^y ...^^n-i be a 
series of values between a and 6, so that a, x^, x^, .., a?„.j, b 
are in order of magnitude ascending or descending. We 
propose then to find the hmit of the series 

(x^-a) <l> (a) + (a?a-a;J <^(a?J + (aj.-o?,) ^ (a?,) + 

vehen ojj — a, a?, — rc^, ... J — a?„_j are all diminished without 
limit, and consequently n increased without, limit. 

Puta?j— a = A„ a?j, — a;j = Aj, ...b-^x^^^h^] thus the series 
may be written 

<f \(}> (a) + A,^ (a?J . . .+ A„.,<^ (aJn-a) + ^ni> (0> 

T. I. C. 1 



2 MEANING OF INTEGRATION. 

and may be denoted by SA<^ (a:), for it is the sum of a number 
of terms of which h<f> (x) may be taken as the type. Since 
each of the terms of which h is the type may be considered 
a3 the difference between two values successively ascribed to 
the variable x, we may also use the symbol <f> (x) Ax as the 
type of the terms to be summed, and X<f){x)Ax for the sum. 

We may shew at once that X<f> (x) Ax can never exceed a 
certain finite quantity. For let A denote the numerically 
greatest value which ^ (x) can have when x lies between a and 
b; then Xif>(x) Ax is numerically less than (Aj+A,4-...+A„)-4, 
that is less than (ft — a) A. 

We now proceed to determine the limit of S^(«) Aa;. Let 
-^ (a?) be such a function of x that 4> (^) ^ ^^^ differential 
coefficient of it with respect to x. Then we know that the 

limit of ^^ T — -'- — - when A is indefinitely diminished 

is <^ (a;). Hence we may put 



where Pi, p^, ... p„ ultimately vanish. From these equations 
we have by addition 

'^ (&) — -^ (a) = S<^ (a?) Ax 4- 2Ap, 

Now 2Ap is less than {h--a)p where p' denotes the 
greatest of the quantities Pi, Pj* '"Pn'y ^^^^^ 2Ap ultimately 
vanishes, and we obtain this result, the limit of 2^ (x) Ax 
when each of the quantities of which Ax is the type diminishes 
indefinitely is ^ (J) — -^ (a)^ 

3. The notation used to express the preceding result is 

I <f> (a?) dx == 'sfr (h) — yft (a) ; 

J a 

the symbol / is an abbreviation of the word '* sum," and dx 
represents the Aaj.of S^ (a?) Ax. 



MEANING OF INTEGRATION. 3 

4. Suppose that \,h^, ... A^ are all equal; then each of 
them is equal to , and x^ is equal to a + - (6 — a). 

Hence I <l>{x)dx is equivalent to the following direction: 

Ja 

" divide 6 — a into n equal parts, each part being A; in ^ (a?) 
substitute for x successively a, a-]rh,a-\- 2h, . . . a + (w — 1) A ; 
add these values together, multiply the sum by h and then 
diminish h without limit." If these operations are performed 
we shall have as the result ^ (i) — "^ (a), where yjr {x) is the 
function of which <f> (x) is the differential coefficient with 
respect to x. 

The student then must carefully observe that for the 
foundation of the Integral Calculus we have a certain theorem 
and a corresponding notation. The theorem is the following : 
let yjr (x) be any function of x, and ^ (a?) its differential co- 
efficient with respect to a? ; let w be a positive integer and 
nh = b —a, and suppose 6 (x) finite and continuous for all 
values of x between a and 6 ; then the limit when n is inde- 
finitely increased of 

h U (a) + <!> {a + h) + <!> {a + 2h) +...+ ^(b - h)\ 

is -^ (J) — '^ (a). 

The notation is that this limit is denoted by I <^ (x) dx, 

J a 

so that I <l>{x)dx = ylr{b) ^yfr (a). 

J a 

As a particular case we may suppose a to be zero ; then 
nh =■ b, and the limit when n is indefinitely increased of 

h U {0)-^<l>Qi)+<f>{2h) +...+ ^ (J- A)l 

is denoted by I 6 (a?) dx, and is equal to '^ (&) — -^ (0). 

Jo 

5. A single term such as <f> (x) Ax is frequently called an 
element It may be observed that the limit of 2^ (a?) Aa? will 
not be altered in value if we omit a finite number of its 
elements, or add a finite number of similar elements ; for 

1—2 



4 APPLICATION OF INTEGRATION. 

in the limit each element is indefinitely small, and a finite 
number of indefinitely small quantities ultimately vanishes. 

6. The above process is called Integration ; the quantity. 
I ^ {x) dx is called a definite integral^ and a and h are called 

J a 

the limits of the integral. Since the value of this definite 
integral is yfr {b) — yjr (a) we must, when a function <f) (x) is to 
be integrated between assigned limits, first ascertain the 
function yjr (x) of which <f) {x) is the dififerential coeflScient. 
To express the connexion between (ar) and y^ {x) we have 

and this is also denoted by the equation 

<l> (x) dx=^yft (x). 



h 



In such an equation as the last, where we have no limits 
assigned, we merely assert that ^ {x) is the function from 
which <f> {x) can be obtained by dififerentiation ; y^ {x) is here 
called the indefinite integral of ^ {x), 

7. The problem of finding the areas of curves was one 
of those which gave rise to the Integral Calculus, and fur- 
nishes an illustration of the preceding Articles. 




Let DPE be a curve of which the equation is y = ^ {x), 
and suppose it required to find the area included between this 
curve, the axis of x, and the ordinates corresponding to the 
abscissae a and b. Let OA = a, OB = h ; divide the space 
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AB into n equal intervals, and draw ordinates at the points 
of division. Suppose Oilf = a + (r — 1) A, then the area of 
the parallelogram PMNp is 

The sum found by assigning to r in this expression all values 
from 1 to n differs from the required area of the curve by 
the sum of all the portions similar to the triangle PQp, and 
as this last sum is obviously less than the greatest of the 
figures of which PMNQ is one, we can, by sufficiently 
diminishing A, obtain a result differing as little as we please 
from the required area. Therefore the area of the curve is 
the limit of the series 

and is equal to -^ (6) — -^ (a). 

8. If y^ (x) be the function from which (f> (x) springs by 
differentiation, we denote this by the equation 



l^{x)dx=^->^ (x), 



and we now proceed to methods of finding yjr (x) when <f> (x) is 
given. We have shewn, Dif. Col. Art. 102, that if two func- 
tions have the same differential coefficient with respect to a 
variable thej^ can only differ by some constant quantity; hence 
if ylr {x) be a function having <f> {x) for its differential coeffi- 
cient with respect to x, then -^ (x) + C, where (7 is any quantity 
independent of a?, is the only form that can have the same 
differential coefficient. Hence, hereafter, when we assert that 
any function is the integral of a proposed function, we may 
if we please add to such integral any constant quantity. 

Integration then will for some time appear to be merely 
th'e inverse of differentiation, and we might have so defined 
it ; we have however preferred to introduce at the beginning 
the notion of summation because it occurs in many of the 
most important applications of the subject. 

We may observe that if <f>^ (x) and ^^ {x) are any func- 
tions of a:, 

J{<^, {x) 4- ^2 {x)] dx =J <^i {x) dx +J <^j {x) dx\ 



6 UnrEGBATION BY SLBSTlTfTlOX. 

or at least the two expressions which we assert to be eqnal 
can only differ by a constant, for if we differentiate both we 
arrive at the same restdt, namely, ^^ (x) + ^, (x). 

Also, if c be any constant quantity 

jcff>{x)dx=icjil>{x)dx; 

or at least the two expressions can only differ by a constant. 

9, Immediate integration. 

When a function is recognized to be the differential coeffi- 
cient of another ftmction we know of course the integral of the 
first. The following list gives the integrals of the different 
simple functions ; 

laf*dx = — -T, I — = loga?, 

J m-\'V Jx ^ ' 

la'dx=r: , le'dx^^er, 

J log^a' J 

jsin a? dip = — cos a?, i cos aj da? = sin a?, 

[ dx , f dx . 

I — 5--=:tana?, | . , = — cota?, 

J cos X J BUT X 

/; 



dx . -la? ..X 

= sm - or= — cos -, 



»J{a^ — a?) a a 

dx 1. ^.x 1 ._!« 

= - tan - or =» — cot - . 



cf-k-a? a a a a 

10. Integration by mhstitution. 

The process of integration is sometimes facilitated by sub- 
stituting for the variable some function of a new variable. 
Suppose <f> (a?) the function to be integrated, and a and h the 
limits of the integral It is evident that we may suppose 
0? to be a function of a new variable «, provided that the 
function chosen is capable of assuming all the values of x 
required in the integration. Put then x =/(«), and let a' and 
V be the values of «, which make f(z) or x equal to a and b 
respectively; thus a^f{a!) and h^f(V). Now suppose that 
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ylr ix) is the function of which <^ [x) is the dififerential co- 
efficient, that is suppose ^ {x) = -^ — -- ; then 






dx 

b 

<}>{x) dx^yfr {b)'-ylr (a) 



But by the principles of the Dififerential Calculus, 



dz 
therefore ^ {/(J')} - ^ {/(a')} = f 'V {/(^)}/ W ^ 

thus I ^ (a?) dx = I ^ (a?) -7- d-s:. 

This result we may write simply thus 

j<f>{x)dx^j^(x)-^dz, 

provided we remember that when the former integral is taken 
between certain limits a and J, the latter must be taken 
between corresponding limits a and b\ 

11. As an example of the preceding Article let 

1 179 ^ ^® required. Assume x==a — z, then -1- = - 1, 

and 2ax — a^=^a*'~z\ Thus 

C dx _ f 1 dx y C dz 

J*^{2ax - a?) "" j V(2cw? - a?) dz " J V(a' - «') 

_, 5? _i a — a; -1 a; 

= cos - = cos = vers - . 

a a a 

Again, let 1 — 77^^ 57 be required. Assume x=z , 

ja;\/(2cw? — a*) ^ 1— « 

thus 

^^ — ^ J f <^ __ f 1 ^ ^ 

di^il-zY' Jx^/{2ax - a") "" Ja? V(2«ic - a") rf^ 
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1 . _i 1 . _, a; — o 

= - sm ^5 = - sm . 



a ax 



Here we have found the proposed integrals by substituting 
for X in the manner indicated in the preceding Article. This 
process will often simplify a proposed integral, but no rules 
can be given to guide the student as to the best assumption 
to make; this point must be left to observation and practice. 

12. Integration by parts. 

T^ ^, j_, d(uv) dv du 

Jbrom the equation — ^^ — = u^r -^-v-r 

(tx ax ax 

we deduce by integrating both members, 

f dv J f du y 
uv = ju -J- dx •]• jv -J- dx, 

therefore lu-r^dx = uv^ Iv-r- dx. 

J ax J ax 

The use of this formula is called ''integration by parts." 

For a particular case suppose v==x; then we obtain 

\udx ^ ux ^ \x -J- dx. 
For example, consider I x cos ax dx. Since 



1 d sin ax 



cosaa? = - 



a dx * 

we may write the proposed expression in the form 

x dsinax 



I- 

J a 



a dx 



dxy 



X 

and this, by the formula, supposing w = - and v = sin ax, 

a 



^x sin ax Tsin ax , 
""a J a 
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X sm ax cos dx 
a a" 



Again, larcoBaxdx^ I = dx 

J J a dx 

a^ SID. ax f2x . : 

= / — sin ax dx 

a J a 



dx 



a^ sin ax f2x dcos ax 
a J a'* dx 

o? sin ax . 2aj cos ax r2 cos ax 



dx 

. -«, JOS aa? r2coSv./^ , 

H a / » — »^ 

a j a 



a;*sinaa; 2a; cos ax 2 sin oa? 
a a" ^ 



Again, je'smaxdx^^j'^-^^dx 



»«v 



sm aa; ^ fa^"^ cos ax , 
6*"- / da: 



c J c 



n.C» 



sinoa; ^ fa cos ax de"" , 

c dx 



sm aa? « acosaa; ^ /a sin aa; ^ , 

e***-^ 5— e - 5 — « cJa:. 

c c J c^ 



fa* si] 
J c 



By transposing, 



( 1 H- -1 ) j6** sin axdx = — (sin aa? cos ax) , 

xv^^^/* ^^ r e» • J e'' (c sin ax — acosax) 
theretore j e*^ sm ax dx = — ^ ^ ^ ^ . 

J a* + c^ 

Similarly we may shew that 



/ 



, __e^{c cos ax -f a sin aa;) 
eta; tr~. — o • 



e^'cosaajw — « « 



10 EXAMPLES OF INTEGRATION. 

13. The differential coeflScient of any function can always 
be found by the use of the rules given in the Differential. 
Calculus, but it is not so with the integral of any assigned 
function. We know, for example, that if m be any num- 



ber, positive or negative, except — 1, then j x'^dx^ 
h 

I 



a;"-"' 



m + 1 ' 

but when fw = — 1 this is not true; in this case we have 

dx 

— = log X. K however we had not previously defined the 

term logarithm, and investigated the properties of a logarithm, 
we should have been unable to state what function would 

give - as its differential coefficient. Thus we may find our- 

X 

selves limited in our powers of integration from our not 
having given a name to every particular function and investi- 
gated its properties. 

In order to effect any proposed integration, it will often 
be necessary to use artifices which can only be suggested 
by practice. 

14. We add a few miscellaneous examples. 
Ex. (1). L{a^-a?)dx. 

r r ^dx 

\isj{a^ — a:*) rfa; = XhJ{c? — a^) + \ ,, i_ ax , by Art. 12, sup- 
posing u ^ isj {o? — u?) and v^x. 

therefore, by addition, 

o f // 8 -«N jr xsJia^—x^ , a^ . ^x „_^ r. 
therefore w{a: — ar)dx^ ' ^ + -^sm*-. Art. 9. 



Ex. (2). |- 



dx 
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Assume sJ[o^ + a') = 2^ — cc, therefore 0? = s^ -- 2zx, 

dx ^z — x 
dz z 

TT r dx f 1 dx y fdz ^ 

= log{a!+V(a^ + o')}- 

^^' ^^^- U{a? - a") • 

As in Ex. (2), we may shew that the result is 

log {a? + V(aj' -«')}• 

Ex. (4). jj^{a? + a^dx. 
jj^{a? + a^) dx^xsl{a?-\-a^) - f //^ ?^\ ^7 -^- 12. 

Also /V(a?*+a')(&c=f .f , , %. dx=^\ ,.^ , — ^r+aM .. ^ , , - 
therefore, by addition, 

therefore fvCa;' + a») d» = ^^^'^g'^ ""^ + ^ log {x + V(«» + a')}. 
SimUarly L{a? - a') dx= '"V('^-^') _ ^kg {a, + V(a^ - «*)}• 



/• cfa; 1 f dx 

jJla+bx+caf)^\/cJ I (a 



Teo^ 






12 EXAMPLES OF INTEGRATION. 

Putting ir + ^ =^, our integral becomes, by (2) and (3), 

-^ log [2cx + b + 2Ajcs/(a + hx + cx% 

1 

where we omit the constant quantity -j- log 2c. 

In a similar manner, by assuming z = x -\-^^ we may make 
\sj{a + 6x + cx^) dx depend upon Ex. (4). 

T^ x^v r dx 

Ex 



'- («> liira 



isJ(a-\- bx — ca^)' 



[ dx _ 1 r dx 



_ 1 r da; 

Put A» for i^£+? and ^ for a; - 1- , then the integral be- 



or 



1 . _. 2cx — i 
-:- sm 



In a similar manner, by assuming « = a: — g- we may make 
I V(a 4- 6ic — ca?*) da? depend upon Ex. (1). 

1 r dx r 1 d^ 7 

Pat a; = - , then — 77-2 ^ = — 7;r-^i — -i\ j:, ^V 
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JV(l-ay) a] /(\^y^\ a 



ay 



1 . -la 

= — sm * - 

a X 



. _i fl5 . «i Ct TT 



Since sin"^ - + cos'* - = - , a constant, we may also write 

CC op Ju 

our last result thus. 



I, 



dx 1 _, a 

= - cos - . 



ajVla^-o*) « a; 



^''•(^)- L V(/± x") • 



By putting ic = -, as in Ex. (7), we deduce for the 

required result 

1 , X 

a ^^a+^/{a*±x')' 



r dx '_ 1 1 

J{x-ar~' m-1 (x-a^"'' 



These are obvious if we differentiate the right-hand 
members. 

dx 



^-(i«)- lA- 



Jx --a zaj\x — a x + aj 

2ajx — a 2ajx + a 
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=^log(^-o)-^log(x + o) 
__ 1 , X — a 

/V* _ fV Q* .^ ft 

This supposes positive ; if be negative, we 

X "T" Cl> «C T" O 

must write 



f dx __ 1 , a — x 



Ex ^^ 



•(11)- ja + bx + ca^' 

f dx _ -^ r ^^ 

Ja + bx + cx* cJi 



hT^ 



iV 4oc-6*' 

+ 



40' 



If — j-a — be negative, we obtain the integral by Ex. (10), 

namely 

1 2ca! + 5-V(y-4ac) 

V(6' - 4ac) °^ 2ca! + 6 + V(i»* - 4ac) ' 
If — .J — be positive, then by Ai*t. 9, the integral is 



tan" 



_, 2cx + b 



Ax^-B 



Ex. (12). Lr^fX^rf^. 



^6 ^ Ab 



r Ax + B ^^^ (tlljLlfljS. dx 
Ja'{^bx+coi^ J a+bx + ex* 



2cx + b , . /n Ab\ f dx 



A [ 2cx + b J , /p Ab\ I 



a+bx-^ca^ ' 



A 
The fonner integral is ^ log (a + Ja? + ca?*), and the latter 

has been found in Ex. (11). 



Ex. (13). f 
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dx 



COS a? 
dx fcosxdx C dz 



[ dx fcosxdx C dz .^ 

I = / i — =/:i — Iky if« = sma;, 

Jcosx J cos a; jl — ^ 

= Jlog^J,byEx.(10). 

- , 1 + sin a; , ^ /tt x\ 

r nX X 

Similarly I -: — = log tan ~ . 

Ex. (14). f ^ , and f- "^^ 

jo + 6 cos aj ja 



+ 6 sin a; ' 
dx r (iaj 



r dx _ r 

Ja + b cosx" J / . , 



a f sin' I 4- cos'' ■^+b (cos' | - sin* | j 



-/■ 



sec' ^ dx 



X 

a + b + (a — J) tan'^ 



Ja 



dz •/» X ^ 

, if 2? = tan^v. 



+ J + (a-.6)i5" 2 

Hence, if a be greater than 6, the integral is 



r^T-tan "77^^ — TT or -77-j — 557 tan 



V(a'-i") V(a + 6) V(a'-fc') V(a + 6) 

and if a be less than (, the integral is 



V(6'-a') ^;2jV(i-a)-.V(* + a)' 



a; 



V(J-a)tan^ + V(& + a) 
^^^""■'*"^'''^V(6-a)tan|-V(i + a) 



0^^ "TTw I5T ^^g 



16 EXAMPLES OF INTEGRATION. 

To find I — -T — : — assume x = t: +z: thus the intemral 
Ja-hb smx 2 ' ^ 

becomes I 7 , which has just been found. Or we may 

J Q/ "T~ C0S<2f 

proceed thus, 

r dx _ r dx 

Ja + b sinx J / . 



/ . aX 0*^1 . r*7 % X X 

a ( sm^ +cos*^l + zb sm^ cos^ 



=/■ 



sec' ^ dx 



a^l + tan'lj+SJtanl 



= 2f- 

Ja 



dz •/» X ^ 

, 11 z = tan ^ . 



(1 + <s^) + 26^? 



Put y = z+-, and the inteofral becomes 

2 f dy 

^ or 

and this can be found as before. 

Ex. (15). Let y^{x) denote any function of x, and let 
'^''^ {x) denote the inverse function, so that i|r [^^-^ (x)'\ = a? : if 
the integral of y^ (x) can be found so can the integral of 

^fr''^(x), For consider /•^"^ (a;) c?aj; put -^"^ (a;) = ^, then 

x=:yjr{z) : thus 

N|r"^ (a?) t?a? = Iz -pdz — zx—lxdz^zx" jy^{z)dz. 

In any of these examples, since we have found the in- 
definite integral, we can immediately ascertain the definite 
integral between any assigned limits. For example, since 

^"^ T, = log {x + V(a;' + a% 



I. 



>/{x' + a') 
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therefore 
•^ dx 



L 



jr = log [2a +V{(2a)» + a'}] - log [a + V(a' + o')} 



= log2-^^^ 



1 + V:J* 

P 

15. The integral /a?"*"^ (a + Ja?")«rfa; can be found imme- 

. o . ... ** 

diately if ^ is a positive integer, for (a + 6aj")« can then be 

expanded by the binomial theorem in a finite series of powers 
of X, and each term of the product of this series by x'"'^ will 
be immediately integrable. There are also two other cases in 
"which the integral can be found immediately. 

For assume a + 6aj" = <* ; 

therefore -^=(-^j, d^-^(-^J • 
Hence Jaf^' (a + 6a;")» da; = laT-^ {a + Ja;*)' t- dt 

li — be a positive integer we can expand (f — a)** in 

Tit 

a finite series of powers of t, and each term of the product 
of this series by t'^*^^ will be immediately integrable. 

x"^^ (a + bx'^y dx = lar« (ax^ + bydx; 

and by the former case, if we put ax'^ + b=f, this is im- 
mediately integrable if 

pn 
Jf 



— n 



be a positive integer ; that is, ii -r + - be a negative integer, 
T. L c. 2 
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In the first case, if — were a negative integer the integral 

might still be found, as we shall see in the next Chapter, and 

similarly, in the second case, if — h - were a positive integer : 

but as in these cases some further reductions are necessary, we 
do not say that the expressions are immediately integrable. 

Ex. (1). Ix'' {a + x)^ dx. 

Here — = 3 : assume a + a? = ^ : the integral becomes 
n 

2 fo» - ay edt or 2 [(«• - 2a<* + aV) dt, 

which gives 

^ {ff 2af aVl 
"i7"~r + "3"|' 

thus jx'{a + xf dx = 2 (a -bx)^^^^^^^^^ 
Ex '- ^ ^ 



:. (2). /- 



ar* (1 + x")^ ' 



Here m = -l, 7i = 2, ^ = — 77; therefore — + 2 = - 1. 

q z n q 

1 dx t 
Assume x^ + l = f: therefore a;'= -5 — =-, -3- = r. 

dx 

Also I 1 = /-— — 7 ^^• 

Jx^l+x')* Jx'{x-^+l)^ 

dx t 

Substitute for x and -^ their values, and this becomes — \dt, 

V(a>* + 1) 



which = — ^ or — 



X 



Ex. (3). f- 

^ (a 
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dx 



Here m = l> 7i = 2, ^ = — ^i, therefore —+^ = — 1. 

q Z n q 

Assume aV» + 1 = ^', therefore a;* = ^^ , ^ = ^- , 

e-r dt (t^-i/^^ 

a? 



■/; 



aV(a' + i»')' 



EXAMPLES. 

dx . -3 + 2a? 

= sm 



2. I loga;6?a7 = a; (logo; — 1). 

3. j'a,-log«.rfa: = ^{loga;-^}. 

4. I ^ sin ^ c?^ = - ^ cos ^ + sin ^. 

Je +e 

6. [./(^^^W = V(^a; + a;«) + mlog{^^ 
This may be found by putting x = z\ 

7. I a; tan"^ xdx== — — tan"^ a; — J a?. 

r. r,-, ^'l J 3a; ^ . . sin 2a? 

8. 1(1 — cosa;)'aa7«-2-"'2sina?4- --t — • 

2—2 



20 



9. 



EXAMPLES. 



0. 



1. 



2. 



3. 



{l-x)' l-a!^2(l-ar)*' 
o^dx _ J_ - a' + x' 

x — a 



I 
I 

b{2ax -x*)dx^'^ ^(2ax -a^+i sin"^ "^^^ . 
f xdx X 

r 1 "^ cos sc 
4i. I — ; — ; — dx=^\og (x 4- sin x\ 



a; + sin a; , ^ x 

T— ax=ix tan - . 

1 + cos a; 2 

dx 1 



a; (log a;)* (n-1) (loga?)**-^* 

w r log (logic) J 

7. J (i» =5 log a;,, log (log a:) -log a:. 



8. 



9. 



/: 



dx 



g* X »J{a? - 1) 



a; + V(a;' - 1) "■ 2 



log{a; + V(a;*-l)}. 



20. 



21. 



L«^«i'n^^.nc>,^^^,^" «sin(7n+n)a;-(m+n)cos(m+n)a; 
J 2 a*+(m + «)V 

g°* asin(m — n)a;-(m-n)cos(m~n)a? 
2 ' a" + (m-n)* • 

je"^ cos'aj cfe = J je"* (cos 3a: + 3 cos x) dx 
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22. I' ^(a*-x^)dx = '^. 

23. r^{1ax-a?)dx='^. 

24. I vers"* - cf dj = Tra. 

Proceed thus ; let vers"* - = 0, therefore a: = a (1 — cos 6), 
and the integral becomes I a^sin^rf^. 





2o. i a; vers ^-dx = 



« ^ 



26. aj'vers *-da; = — -^ — . 
Jo a 6 

27. psm^5cos'^cf^ = ^. 



15 



28. f-^-^ = 1 logtanfl + ^V 

J sin a? + cos a; V^ \2 S/ 



da? 



29. I 

Put a? = - and this becomes a known form. 

y 

This may be obtained by putting sin"* x — d. 

31. I ; dx = 6 tan ^ + log cos 6, where sin 9 = x. 

J (1-0^)* 

32. I ^— -r = -; ( cot ^ + ^^jr— ) , -where a; = a cos ^. 

r sin' icJa; (^-^^\ i -i^/oA^ax _x 
^^- J aT&^s'"^ " U6'' y V (a + J) ^ * 



EXAUFLES. 

'a + hx' 






-(-l)-a:+(-l)M, 



•edd= =^^ - /'tan'"-*^ de 
2n — 1 J 

"2m-1 2n-3 

ig = tan 5. 

' that I sic mx sin nx dx and I cos mx cos fu; (!j; are 

ero if m and n are uTtequal integers, and = s if 
u and n are equal integers. 
:(5)|',i.-«{log(?)-3Jl„g!l%6.1og!-6x. 



! + »■) 

VCa + a;) 



^VC-i-S^-^c'-'^-^''^^' 



dx 



<fc-i 



+ cco3a! 


V(i-.)--'^'^^ 


c IS less than 1 


-•coB'eM. 


= ft(e*- + 6-»'). 






-J . AsBume z = 


-I 


+ tirfda: 


Assume o + 6a:" = 


=«'. 
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CHAPTER II 

RATIONAL FRACTIONS. 

16. We proceed to the integration of such expressions as 

A'\'Bx+Clx\,.+Nx''' ' 

where A, B,..,A\ B,,.. are constants, so that both numerator 
and denominator are finite rational functions of x. If m be 
equal to n, or greater than w, we may by division reduce the 
preceding to the form of an integral function of x, and a 
fraction in which the numerator is of lower dimensions in x 
than the denominator. As the integral function of x can be 
integrated immediately, we may confine ourselves to the case 
of a fraction having its numerator at least one dimension 
lower than its denominator. In order to effect the integration 
we decompose the fraction into a series of more simple frac- 
tions called partial fractions, the possibility of which we pro- 
ceed to demonstrate. 

Let -j^ be a rational fraction in its lowest terms which is 

to be decomposed into a series of partial fractions ; suppose V 
a function of x of the ?i*^ degree, and U a function of x of 
the (n— 1)"* degree at most ; we may without loss of gene- 
rality suppose the coefficient of a;* in F to be unity. Suppose 

V=:{x'-a){x--bY(a?''22x+a* + l3^{a?-2yx + y^ + By, 

so that the equation F= has 

(1) one real root = a, 

(2) r equal real roots, each = b, 

(3) a pair o£ imaginary roots a ± /3 \/(— 1), 

(4) 8 pairs of imaginary roots, each being y±S^{—l), 
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By the theory of equations Fmust be the product of factors 
of the form we have supposed, the factors being more or fewer 
in number. Since Fis of the n*^ degree we have 

Assume 



K x-a ' {x-by {x-hy ' (a?-6p a? -J 

Cx + D 



+ 



a;* - 2aa; -f- a" + /8* 



where .4, B^, B^,..,Cy D, E^,,.. are constants which, in order 
to justify our assumption, we must shew can be so determined 
as to make the second member of the above equation identi- 
cally equal to the first. If we bring all the partial fractions 
to a common denominator and add them together, we have V 
for that common denominator, and for the numerator a func- 
tion of X of the (n — 1)"^ degree. If we equate the coefficients 
of the diflferent powers of x in this numerator with the cor- 
responding coefficients in U, we shall have n equations of the 
first degree to determine the n quantities A, jBj, ^j,... and with 
these values of A, B^, ^g, ... the second member of the above 

equation becomes identically equal to the first, and thus -y. 

is decomposed into a series of partial fractions. 

If V involves other single factors like x — a, each such 

, , A 

factor will give rise to a fraction like ; and any repeated 

X — a 

factor like {x — 6)** will give rise to a series of partial fractions 

B B 

of the form ^ *tn7 , -? ttf^i , . . . . In like manner other 

[X ~- Oj [X -~ 0) 

factors of the form x^ — 2x0? + a" 4- iS* or (cc" — 27a? 4- 7' + S')* 
will give rise to a fraction or a series of fractions respectively 
of the forms indicated above. 

17. The demonstration given in Art. 16 is not very satis- 
factory, since we have not proved that the n equations of the 
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first degree which we use to determine A, B^, B^, ... are m^ 
dependent and consistent, 

A method of greater rigour has been given in a treatise on 
the Integral Calculus by Mr Homersham Cox, which we will 
here briefly indicate. Suppose F(x) to contain the factor 
x — a repeated n times ; we have, if 

, ^ X <!> (a) . . ^ (a ) 

F[x) (a: - a)"i^ (a;) (a; - a)*i^ (a;) "^(a^-a)*** 

Now 6(x)— , ; { ylt (x) vanishes when x=a, and is there- 

^^ '^ Y{a) ^ 

fore divisible by a? — a; suppose the quotient denoted by 
;j^ {x), then 

<^ (^) ^ X (^) 1 ^ W ^ 

F {x) {x - ay'ylr {x) "^ -f (a) {x - a)* * 

The process may now be repeated on ^},/. . . , and 

^ "^ ^ [x—ay ^y^^x) 

thus by successive operations the decomposition of %rr^. 

completely effected. In this proof a may be either a real 
root or an imaginary root of the equation F {x) = 0\ if 
a = a+)8\/(— 1)> ^^^^ a — /3\/(— 1)> will also be a root of 
ir(ic) = 0; let b denote this root, then if we add the two 
partial fractions 



n/r (a) (a? ^ a)* -i/r [b) {x - 6j" ' 

we shall obtain a result free from \/(— !)• 

18. With respect to the integration of these partial 
fractions we refer to Examples (9) and (12) of Art. 14 for all 

IjX "4" lu. 

the forms except 7-, — ^ ; — , . M\m > and this will be given 

^ \x — 27a: + 7 + o) ° 

hereafter. See Art. 32. 

Having proved that a rational fraction can be decomposed 
in the manner assumed in Art. 16, we may make use of 



AifffTf^^ Hlf(^\jfm:sA artifices in order to diminish the labour 
f4 fU^mftihtu^ thh amssisuiU A, B^, B^, .... The most osefol 
(UftmtU^fiium m^ tfiAt lAnce the numerator rf the proposed 
{tmium in ideriiicaUy eqml to the numerator formed by 
(uUiitm i(f^i^\uir the partial fractions, if we assign any valae 
U) ihii vanable x the equality still subsists. 

1 W, 75> determine the partial fraction corresponding to a 
mi{/le factor oftlt^finst degree. 

6 (x) 
HiippOHd y »/ ( represents a fraction to be decomposed, 

ftfid lot -/^'(a:) contain the factor x — a once ; assume 

wlx^nj i1 i» a constant, and ^Vt represents the sum of all 

tho partial frnctionH exclusivo of , and -F(a;)= (a;-o)i|r (^). 

Ki'oiu (I) 

^{iX')^Af{x) + {x-a)x{x) (2). 

Ill ^JJ), which hoUls for any valuo of as, make x = a, then 

^ (o) - ^V^ (o), 

tllOVH>f>»lt^ ^— ---7-(. 

if (a) 
Suuv *" (,.«>) •" ^ (.«•) + (of — o) ^' (oj), we have 

t ^ti) 
3tV th ^^Hrmi^ ih^ mHMlfmctio^ €orrtspom£mg to a 

8\^)N^V!^ f\^i"'^ \SM\t^tvs ;ii i^otoir x~t» x^pea^ed m times. 
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il>(x)^ A, A^ A, A^ y(x) 

F {x) (a? - a)" "^ (oj - a)""' "^ (a; - a) *"* "^ a; - a "^ -f (a?) ' 

where yVr denotes the sum of the partial fractions arising 

from the other factors of F{x). Multiply both sides of the 

d> (x) 
equation by (x — ay and put /(a;) for T,^ . (a; — a)** ; thus 

fix) =A,+A,{x-a) + J,(a;-a7. ..+^.(aj-a)-'+|M (a._a)«. 

Differentiate successively both members of this identity 
and put x = a after differentiation ; then 

/'(«) = A, 

/"(a) = 1.2J,. 



/"-(«) = l«-l^.. 



Thus A^, A^, •••-^n are determined. 

21. To determine the partial fractions corresponding to 
a pair of imaginary roots which do not recur. 

Let -pj-i^ denote the fraction to be decomposed; and 

a±/3V(""l) a V^^^ ^f imaginary roots; then if we denote 
these roots by a and b and proceed as in Art. 19, we have 
for the partial fractions 

<l>{a) 1 _^ <f>(h) 1 



and 



F'{a)x-a F\b} aj-f 

Suppose Jt>/ = -4 - 5 V(- 1) ; then since ?^„ may be 
obtained from -^tMv by changing the sign of V(~ 1)> we 
must have -^7^ ==-4 + ^V(— !)• Hence the fractions are 
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felLand -^-^^y^T^l.; 



and tbeir sum is 

2^ (a? - tt) + 2^/3 

22. Or WQ may proceed thus. Suppose a? — px-^ q to 
denote the quadratic factor which gives rise to the pair of 
imaginary roots a + yS \/(— 1) \ then assume 

^ {x) _ Lx + Jf . % (^) 

Fix)" x^—px + q ^^{xy 

so that i^(a;) = (a?* — px + j) '^ (a;). Multiply by F(x) ; thus 

^ (a;) = (Lx-^-M) yft (x) + (x^-px + q)x (^) (!)• 

Now ascribe to x either of the values which make 
x* —px + q vanish ; then (1) reduces to 

^ {x) = {Lx -hM)y{r {x) (2). 

By the repeated substitution of px — q for of in both 
members of (2), we shall at last have x occurring in the first 
power only, so that the equation takes the form 

Px^^Q^Px^-Q, 

Put for X its value a-\-^ ^J{^1) and equate the coeffi- 
cients of the impossible parts ; thus 

P=P' and therefore also Q = Q\ 

Here P and Q are known quantities, and P' and Q' in- 
volve the unknown quantities L and M to the first power 
only, so that we have two equations of the first degree for 
finding L and M. 

23. To determine the paHial fractions corresponding to 
a pair of imaginary roots which is repeated. 

"We may proceed as in Ai-t. 20. Or we may adopt the 
following method. Suppose x^ — px + q to be the quadratic 
factor which occurs r times ; assume 
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F(x) {x^—px+qY {x^—px-^-qY^^ QC^—px^-q Y[x) ' 

so that F{x) = (a;' — pa? + qY '^ (a?). Multiply by F{x) ; thus 
^ (a?) = (i^ + Ji^) i|r {x) + {L^^jX + M^^^ {a?-'px+ q) '^ (x) 

+ -\-{?^-pX'¥qYx(.^) (!)• 

Now ascribe to x either of the values which makes 
x^'-px + q vanish; thus the equation reduces to 

Proceed as in Art. 22, and thus find A ^^^ ^r- Then 
from (1) by transposition we have 

^(x)''{L^ + M,)y|t{x) = {L^^^X'\rMr,^){x*-px-{^q)^|r(x)'\'... 

The right-hand member has x^—px + q for a factor of 
every term ; hence as the two members are identical we can 
divide by this factor. Let <f>^ (a?) indicate the quotient ob- 
tained on the left-hand side ; then 

c^, {x) = {L,_^x + M,J it (x) + (Z,^a? + Jlf.J (a?^px + q) ^ (x) 

+ + {x'-px + qr'xi^) (2). 

From (2) we find L^^^ and M^_^ as before ; then by trans- 
position and division 

^,(a:) = (A.2^ + ilf, J ylr {x) + (X,.,a:+ ilf^J {x^-px +q)y{r{x)+... 

and so on until all the quantities are determined. 

ic* — 3a; — 2 
Take for example j-tt — ■ i \a / ■ i \» • -A.ssume it equal 

[X "T" X "T ±J {X "T Ji) 

to 

(as* + a; + 1)" ■*" ar* + a; + 1 "^ (a; + 1)» ' 
then aj* - 3a; - 2 = {L^x + M^ {x + 1)» 
+ (i,aj + jg(a;' + a! + l)(a! + l)» + (a;'+a + l)»X(a') (3)- 
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S appose a:* + a; + 1 = ; thus the equation reduces to 
a? ~Sx-2 = (L^ + M,) {x + iy 

= (i^ + jg(a^+2aT+l). 
t — a: — 1 for a;*; thus 

tre — 4 = — ij + Mj, and — 3 = — i, ; 

L, = 3, and Jf, = -I. 

ym (3) by transposition 

3 left-hand member is — 3a^ — ix' —4ix~l; divide by 
I- 1 ; thus 

x + l) = mx-^M;)ix + iy+{x^ + x + l)xix) (4). 

lin, suppose a;* + a; + 1 = ; thus 

~3x-l = {L,x + M,)(x^ + 2x + l) = {L^x+M,)x. 

= -L,{x + l)+M^x; 
re — 3= — Z, + J/,, and -l=-i,; 

X, = l and 3f, = -2. 

IS the partial fractions corresponding to the quadratic 
ire found. The partial fractions corresponding to the 
[x + ly may then be found by Art. 20. Or we may 
i) by transposition and division by a;' + a; + 1 obtain 

-(a;-l) = x(^)- 

1_ 2 

+ l'^{x+iy'' 



i— 




« + l 


+ 


2 


re 










3« 


-2 


3»-l 




a^-2 



-l)"(a;+l)' («'+a;+l)'^»"+!t+l^(ai+l)" a:+l ' 
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6a;' 4- 1 
24. Examples. Required the integral of -^ — ^ — - . 

Bj division we have 

5a;»+l , . ,, . 35aJ-29 






— g^-p^ - 5a; + 15 + ^5:-3^:p2 • 



. 35a; -29 A B 

Assume — ^ — ^r ^ = ;- + 



a;'- 3a; + 2 a;-l a; -2' 

therefore 35a; - 29 = ^ (a; - 2) + if (a? - 1). 

Make x successively equal to 1 and 2 ; then 

35-29 = -u4, or ^ = -6, 
70-29= B,ovB^ 41; 

therefore -s — ^ = 5a7 + 15 r- + 



a;*-3a; + 2 a;-l a;-2' 

r ?i(x? 4- 1 ^a? 

therefore i-^;—^ — -^cfa;=-n- +15a;— 6 log(a;-l)+411og(a7-2). 

J X — oX "T Z Z 

T> • A*%. ■ t 1 c 9x* + 9a!-128 
Kequired the integral of ^»_5^^Sx + 9 ' 

Since x' — 5x* + Sx+9 = (x — 3)* (a; + 1), we assume 
9a;' + 9a:- 128 _ A , B, , P, 



aj8-.5^ + 3a?+9 a; + l (a;- 3/ a;-3' 

therefore 9a;'4-9a;-128=il (a;-3)'+5,(a;4-l)+52(a;4-l)(a;-3). 

Make a; = 3 and — 1 successively, and we find 

5, = - 5, il = - 8. 

Also by equating the coefficients of a;*, we have 

9=^1 + 5,, 

therefore 5^ = 17 ; 

therefore 

9a?+9a;-128 , o i / . -i\ . 5 , iwi ^/ m 

^-^j,^P3^^(fo: — 81og(a, + l) + ^-^ + 171og(x-3). 



I 
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x' + l 



Required the integral of 



Assume 



(x-l/(a;'+l)- 
x'+l 



{x-iyix» + i) 



_ A , A . A . A . B Cx+B . 
(a;- 1)**^ (a;- 1)' "^ (x- 1)""^ oj- 1 "^x + 1 "^ a;*-a!+ 1 ' 

therefore x*+ 1 = {A^+A^(x- 1) +4, (a;-l)'+^,(a!-l)'}(a!'+ 1) 
+ {B{a?-x + l) + {Cx + I))ix + l)}(x-iy...(l). 

Put x = l, then 2 = 2J, (2) ; 

therefore A^ = l. 

From (1) and (2) we have by subtraction,' 
x'-l = A,(a^-l) + {A,+A,(x-l)+A,{x-iy}{x-l){x'+l) 

+ {B{a^-x + l) + {Gx + I)){x + l)}{x-l)\ 

Divide by a; — 1, then 
x + l='A,{a? + x + l) + {A, + A,{x-l) + A,{x-iy}(a? + l) 
+ {B{a^-x-{-l) + {Cx + D){x + l)}(x-iy...{S). 

Put a! = l, then 2 = 3^, + 2^ (4); 

therefore A^ = — ^. 

From (3) and (4), by subtraction, 
x-l=A,{a?+x-2)+A,(a?-l)+[A,+A,{x-l)}(x-l)(x'+l) 

+ {B{a?-x + l) + {Cx + D) (x+l)} (x-iy. 

Divide by a — 1, then 

l=^,(a! + 2)+^(a!* + a; + l) + {^, + ^,(x-l)}(a;* + l) 
+ {B(x'-x+l) + (Gx + D) {x+l}} {x-iy...{5). 



RATIONAL FRACTIONS. 83 

Puta? = l, then 1 = 3^^ + 3^, + 2^, (6); 

therefore -4, = — J. 

From (o) and (6), by subtraction, 

Divide by a? — 1, then 
0=^A^ + A^{x + 2) + A^(a? + x + l) + A,(af + l) 

. +{B(a?-x+l) + {Cx + D){x + l)}{x^l) (7). 

Put a? = l, then = ^^ + 3-4,+ 3J, + 2^^ (8); 

therefore A^ = |. 

From (7) and (8), by subtraction, 
Q = A^{x--l)+A^{a^+W''2) + A,{a?^l) 

+ {B{a?^x + V) + {Cx + D){x+l)}{X'-l). 
Divide by a; — 1, then 
= A^ + A^{x + 2) + A,{a? + x + l) 

+ B(x^^x + l)i-{Cx + D){x + l) (9). 

Put a: = — 1, then 

= A^+A^ + A, + SB (10)j 

therefore B=^. 

From (9) and (10), by subtraction^ 
= A^{x + l) + A,(a? + x) + B{x^-X'-2) + {Cx + B){x + l). 
Divide by cc + 1, then 

0--A^^A^x+B(x--2) + Cx + D (II), 

Put a: = 0, then 

A,-2S + D^0 (12); 

therefore Z^ = J. 

T. L c, 3 
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From (11) and (12), by subtraction, 

J, + 5 + (7=0; 
therefore C^ = — f ; 

therefore 



(aj-l)*(a:' + l)'"(aj-l)* 2(x-l)» 4(».^1)' 

5 1 2aj-l 



•^8(aj-l) ' 24(aj + l) 3(ic*-aj+l)' 
therefore J ^-^y^^-pj^^ __ + __ + __. 

+ |log(aj-l) + llog(aj + l)-|log(x*-a? + l). 

25. We will give as additional examples the integration 
of -TXi ' supposing m and n positive integers, and wi — 1 
less than n. 

Required the integral 0/—^ — :: when n is supposed even. 

The real roots of a;* — 1 = are 1 and — 1, and the imagi- 
nary roots are found from the expression cos rO ± V(— 1) sin rO, 

where ^ = - , and r takes in succession the values 2, 4, ... up 
n ^ 

to n — 2 ; see Plane Trigonometry, Chapter xxiii. Now by 

d>(x) 
Art. 19 if w-T be the fraction to be decomposed, the partial 

fraction corresponding to the root a is -S,V c • In the 

jp (a) a? — a 

present case 

6(a) a**"^ a"^ a"^ . , - 

^tV-t = — i=i = — n = — > smce a = 1. 
F {a) ndr^ na"" n* 

Hence corresponding to the root 1 we have the partial 

fraction —7 rr , and corresponding to the root — 1 we have 

n\x-^L) 

the partial fraction ^ J^^. . And corresponding to the pair 

of roots cos rO ± V(— 1) sin rO we have the pair of partial 
fractions 
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{cos rg + \/( - 1 ) sin rg)^ (cos rO-^A/j- 1) sin rg}^ 

n[x — cos r^ — V( — 1) s'R ^^} w {a?— cos r5+ V(— l)8inrd} ' 

that is 
cos mr0 -f ^( — 1) sin mrO cos mrtf — a/( — 1) sin mrO 

■ ■ ,11-1 ■—■ I ,, II I II I ■ I I !■■ ■■■■ ^mmmm^^a^mm^m mM^ i i ■ ■ i ■ 

n [uj — cos r^ — V( — 1) sin r<^] n{x — cos r^ + V( — 1) sin rd} ' 

, . 2 cos 7nr0 (x — cos r0) — 2 sin wr^ sin rO 

n {a^—2x cos r^ 4- 1) 

Thus -? — T -— 7 Tx + r -.x 

2 -» cos mr^ (x — cos r^) — sin mrO sin r5 
n (a? — cos r^j* 4- sin* rd ' 

where 2 indicates a sum to be formed by ^ving to r all the 
even int^al values from 2 to n — 2 inclusive. Hence 

+ -Scos wr^ log(a3*— 2x cos rtf +1) — Ssin mr5tan~* — ; — ^ . 



n 



n sin r^ 



26. Required the integral of —^ — :r w^e^i n is supposed 

X "*" A 

odd. 

The real root of a?* — 1 = is 1, and the imaginary roots 
are found from the expression cosrd± \/(-~ l)sinrft where 

^ = — , and r takes in succession the values 2, 4,... up to 

n — 1. Hence as before we shall find 

/—= — r- = - log (a? •* 1) -I- - 2 cos mrO loff (a?* - 2a; cos r0 + 1) 

2-. . >,. .^aj-cosr^ 
— -Ssmwir^tan — : — 3—. 
fi sin rfj 

3—2 
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27« Required the integral of—^^ — = when n is supposed 

even. 

The equation ai*+ 1 = has now no real root ; the imaginary 
roots are found from the expression cosr^ + \/( — l)sinr(?, 

where ^=»- , and r takes in succession the values 1, 3,... up 

n '^ 

to n — 1. And if a be a root of a:* + 1 = 0, we have 

^ (a) _ aJ^'^ _o^ _ o^ , 
F' {a) " naT'^ " na"" " n ' 

thus the sum of the two fractions corresponding tp a pair of 
imaginary roots is 

2 cos mr0 {x — cos rO) — sin mr0 sin rO 

^^mm — I I ■ I 

n (aj — cos rfff + sin' rO 

Hence 



/ 



X 



m-l 



dx 1 ^-, 



aj*+l n 



— ^ cos mr0 log (a^—ix cos rd + 1) 



+ - S sin mrO tan * — ; — 71—, 
n sm rO 



where 2 indicates a sum to be formed by giving to r all the 
odd integral values from 1 to n — 1 inclusive. 

28. Required the integral of ^ when n is supposed 

X ^* X 
odd. 

The real root of a;* + 1 = is in this case — 1, and the imagi- 
nary roots are found from the expression cos rO ±tj{— 1) sin rO, 

where i9 == — and r takes in succession the values 1, 3, ... up 

to n — 2. Hence we shall obtain 

(x'^'^dx (-1)"^\ / ^x 

— Scosr^ir^log (a?— 2a:cosr^+l) + -2sin7wr^tan"* —. — ^ , 
n ^ ^ ^ n »mr0 



r 
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29. We will finish the Chapter with some miscellaneous 
remarks on the decomposition of rational fractions 

L Suppose we have to decompose the fraction ^\ ^ into 

partial fractions where if> (x) is not of a lower dimension than 
F{ic). Divide ^ (x) by F(x) ; let ^^ (x) denote the quotient, 
and <f>^ {x) the remainder ; then 

<l>(x)=^(l>^(x)F{x) + <l>^(x)i 

4> (x) . 

Accordingly we have now to decompose ^. / into partial 

fractions. It should be observed that we shall obtain the 
same values for the partial fractions whether we apply the 

methods of Arts. 19, 20, 21, 22, and 23 to ^^ or to %^ . 

Jf (X) If (x) 

Take, for example, the case of Art. 19 : since, by hypothesis, 
j?'(a)=0, and ^{ixi) = (j>^{x)F{x)+<l>^{x), we have ^ (a)=^,(a). 

11. From considering the values of -4,, -4^, ... in Art. 20 
we see that the following result holds: let r stand for any 
integer from 1 to n both inclusive, then Ar is equal to 
the coefficient of hT^ in the expansion of /(a + A) in powers 
of h. Accordingly we may obtain Ar by ordinary algebraical 
processes. For example, suppose we have to decompose 

-. ;—-. j^ into partial fractions. Denote the required 

partial fractions by 

^« _ t -^8 I J- ^^ 



^ {x'-'by ^ {x-b)^' ^ '^ x-b' 

Here/(a?) = (aj — J)"*'; therefore -4,. is equal to the coeffi- 
cient of hr^ in the expansion of (a — 6 + h)'^ in powers of A. 
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The expansion can be efifected by the Binomial Theorem ; 
thus we obtain 

. _ p{p + l)...(p + r-2) _(-ir_ 

Similarly if a stand for any integer from 1 to ^, both 
inclusive, then B^ is equal to the coefficient of A*"' in the ex- 
pansion of (6 — a + A)'" in powers of h. 

III. Suppose that 

and Fix)^(l—^){1-^) (l-^«)' 

here ^ (x) and F{x) are of the same dimensions. By decom- 
posing ^A-c we obtain the term j-^ together with a series of 
partial fractions, a pair of which may be denoted by 

Ar ^ B, 



TTT 



where p stands for . 
Then, by Art. 19, 

Let A be less than A:, and suppose n to increase indefinitely ; 
^ then the term 7--^ vanishes. And, by Plane Trigonometry, 
Chapter xxiil. we have 

- , . sin Arc -,, . Binhv 
^H = -A^' ^(^) = nk. ' 
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therefore ^ (p) = , ^ , and since Biukp^^O, we have 
F'(p) = ^^. 

Thus -i^+i = -^f-i L) 

x — p a? + /o ticoBkp\x — p x + pj 

^ * , Arrr 
zrTT sm -jT- 



AA: cos rTT f 03^ tj i 



I I 



Hence finally, if A be less than k, 

. hrir 
. , r sm — y— 

sin.Aa?__^ ^ ib 

sinAa?"" cos rrr (A; V — r'Tj^ ' 

where S denotes a summation with respect to r from r = 1 
to r= X . 

The method of this example may be applied in other 
similar cases. 

IV. Some additional information on the theory of the 
decomposition of rational fractions will be found in the first 
volume of Serret's Cours dAlgihre Sup&ieure, 1866. Sug- 
gestions which are intended to diminish the numerical labour 
involved in. the process of decomposition will be found in the 
Cambridge and Dvhlin Mathematical Journal, Vol. III., in the 
Mathematician^ Vol. iii., and in the Quarterly Journal of Ma- 
themxiticsy Vol. v. 
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EXAMPLES. 



, r dx 1, {x-\y 1 ^ .,2ar + l 

- f dx 1 _jaj , 1 , a+oj 
Ja^-x* 2a' a 4!a* ^a-a? 

- r2a^-3a* , 5 ^ -a? 1 , a; — a 
5. I — 5 4-cto = s-tan * T-log . 

J x—a 2a a 46a ^x + a 

>- f ifc'daj 1. oj-l . V2^ -, a? 

o / • a-'-Sg + S , . , a!-2 
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^, f «^ 2 1 1. fi , \ 

„ [a^dx _ 1 . a^ — a; V2 + 1 
*• ix* + l~4V2 ^^a? + »V2 + l 

+ 2^ {tan-» (aj V2 + 1) + tan-' (oj V2 - 1)}. 

+ gig {tan-' (2« - V3) - tan"* (2a; + V3)}. 
17. /♦/(i-y») ' Assume l-y*»y*a*. 
^^- /(l + a.jyci^ax + Sx') - As8umey = j^. 



42 



CHAPTER III. 



FORMULiE OF EEDXJCTION. 



30. Let a + Joj* be denoted by X; by integration by 
parts we have 

J m Jm^ ax 

^ ^^ _hnp Ln.^-ij^p^t^ .^^^ 

m m J 

The equation (1) is called a formula of rediLcbion ; by 
means of it we make the integral of a;*""*-3^ depend on that 
of a3"'"^"^Z^\ In the same way the latter integral can be 
made to depend on that of x'^^^^X^ ; and thus, if |) be an 
integer we may proceed until we arrive at x'^^^^X'^, that 
is aj"*^'^*^ which is immediately integrable. 

From (1), by transposition, 

r «+»-, jf ,-y^ = ^ - J^ f ^«-^X' dx. 
J onp bnpj I 

Change m into m — n and p into p + l\ thus 
Ix^-'X^dx = ^7^i\ - X^^^ L^-^'X^'dx (2). I 

This formula may be used when we wish to make the J 
integral of x'^X' depend on another in which the exponent 1 
of X is diminished and that of X increased. For example, 
if w = 3, n = 2, and j? = — |, we have 

f it'dx __ X 1 C dx 

J{a + 6a^)* F^J{a + W) h] ^{a + lsi?)' 



^ , 
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The latter integral has already been determined, and thus 
the proposed integration is accomplished. 

Since [«*-• J? dx = fa;"-' X'^{a + bx') dx 

we have by (1) 

^-^ - ^ [»•"*"-' X'-' dx=^a fa;"-* X^^ dx-i^h f x''*'-'X'^'dx, 
m m J J J 

therefore {x^^'^X^'' dx = ^^ - H^ + np) f^n.^-^X'^' dx. 
J am am J 

Change p into p + 1, and we have 

far'^X'dx=='^^^-^-^^^^±^!£±^lx'^-^X'dx (3). 

J am am J 

Change m into m — n and transpose, then 

J {bm + np) b{m+np)J ^ 

We have already obtained from (1) by transposition 

J bnp onpj 

also jx'^'X^dx = ajx'^^X'^'dx + h (x'^^-'X^'dx ; 

therefore L'^'^X^dx =a[ x'^-'X^^dx + ^-^ - — (x'^-'X^dx ; 
J J np npj 

therefore f x^'X'>dx==^^^^+ -^^ (x'^-'X^'dx (5). 

J m-{-7ip m+npj * 

Change J? into jp + 1 and transpose ; thus 
\^^X^dx^- 4^+ ^ + "P + » [^^^X'^^dx (6). 
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31. If an example is proposed to which one of the pre- 

, ceding formulae is -applicable, we may either quote that 

particular formula or may obtain the required result inde- 

pendently. Thus, suppose we require I .. »_ .< ; we have 

JV(o'-a>')" ] dx ^ <^ 

= _ ^(c« _ ««) »"-» + (ot - 1) Ix"^ VCc* - a;') da; 

By transposition, . 

therefore 

i x'^dx af-^ V(c' - a^ (w - 1) c* f a;«-'<fe .., 

].J{<*-a?)~ m "^ m J ^(d'-x*) ^>' 

This result agrees with the equation (4) of the precediug 
Article if we make a = c*, J = — 1, n = 2, p = — J, and change 
fnintom+1. 

Again, suppose we require I m u t — -^ • We have 

/• dx _[ d*J{f?-\-ii?) \ . 
ja!"V(a* + a?)~J dx ^^ 

= — ^s+l — + (m+l;J — ^t,— ote 



^/(«*+a;») 



+^'" + ^) /«;"•« V(^N-«')'^- 



By transposition, 
^ ,x , r (ic iv/ (a* 4- a;*) T <7« 
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and by changing m into w — 2 we obtain 

(2). 

r x*^dx 
Another example is furnished by I -r-^ -^ , which may 

r x^~^dx 
be written I ..^ ^ ^ ; if in equation (4) of the preceding 

Article we make J = — 1, n = 1, p = — i, tod change a and «» 
into 2a and «i + ^ respectively, we have 

r x'^dx ^ x'^Wi^ax-x') g(2m~l) f a?""^^ 
J *^{2ax — x*) m m j isj {^ax -- x^) 

(3). 

which of course may be found independently. 

32. In equation (6) of Art. 30 put a^(?, m = l, n = 2, 
J = 1, and 2? = — r ; thus 

[__dx X 2r — 3 r efcc 

J(a;* + c7"'2(f-l)c*(a5« + c«p'^2(r-.l)c»j(a^ + cy"^' 
This formula will serve to reduce the form 

f (^a? + -g) <fe 

which occurs in Art. 18; for this last expression may be 
written thus, 

[ A(x'- a)dx . . j^ r dx 

}{{x - «)« + ^Y + ^^ " + ^^ i {{X - aY + ^Y ' 

that is 

~l{r-\){{x- a)" + ^p + (-^« + ^) /j(^ _ „). + ^Y ' 
By putting a? — a = a;', we have 

and thus the above formula becomes applicable. 
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33. These formulte of reduction are most useful when the 
integral has to be taken between ceitaJn limits. Suppose 
W' X (*)' ^ ("')' functions of x, such that 

J V W ai = X (S) - X («) +/ V W •&. 

ioua from Art. 3. 

xample, it may be shewn that 

£ a positive quantity, then x ((.-' — a:')" vanishes both 
= and when x = c. Hence 

fullowing is a similar example. By integration by 

x-xy-^dx^-''^^-^^^ +~^ {^^{i-xYdx. . . 

j a'-' (1 - x^-'dx = —^ j" ar* (1 - x)' dx. 

: if r be an integer we may reduce the integral to 

\i.tT-«^ tbat is to =■ : hence 

' n+r— 1 

■g xr-Jr- (--'ifr-^) 3.2.1 

I' "> '"-n(n + l)(n + 2) (n + r-l)' 

The integration of trigonometrical functions is faci- 
>y formulae of reduction. Let ^ (sin a;, cosa^) denot« 
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any function of sin x and cos w ; then if we put sin x=^z, we 
have 

I ^ (sin X, cosx) dx =: I ^[z, V(l -~ -01 ;j" ^ 

: =/^{^'V(l-0}^ (1). 

For example, let <}> (sin x, cos a;) = sin*" x cos* a: ; then 

j siif xcos^ ixdx=:^ j s^ {I - zY^'^ dz (2). 

If in the six formulse of Art. 30 we put a = 1, J = — 1, 
n = 2, |) = ^ (j — 1), we have 

j z"^-' {1 - zji^'^ dz 

z^ (1 - zj^-') . a - 1 r ^« ,, .M,^ 7 

= — ^ ^ +. 2***^ (1 - z^y^^dz 

m m J ^ ^ 

2+ 1 2 + 1 j ^ ^ 

= -"(^-^)""' + !^±l±l f .- (1 - .y-. dc 
m m J ^ * 

m + j— 1 w + j— ly ^ '^ 

=-i.lT-r +^iT7^J^ <^-^)''"''^^ 

2+1 2+1 ^ 

If we put «i =^ + 1, and z = sin cc, the first of the above 
equations becomes 

/« 7 sin***^ a? cos^* a; ^— 1 T . «+o «-» t 
sm** a: cos' xdx = = + ^ — - sm*^ x cosT^ xdx, 
p+1 p + lj 

and similarly the other five equations may be expressed. 



= — COS a? sin" 
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35, The following is a very important case : 
I sin* xdx = — I —J — sin"** xdx 

{in""* a? 4- (n — 1) I cos* x sin^'^xdx 

= — cosa;sin***a?+(n — 1) I (1 — sin* a:) sin*"*a?c&. 
Transposing, we have 

n I sin* a:cfe =c — cos a? sin"**a; + (w — 1) | siDT^xdx; 

I cos X sin"~ ^ w •■" 1 I 

therefore I sin"ardic = 1 / 8in*"*a:da^ 

J n n J 

From the last equation we deduce, if n be positive and 
greater than unity, 

I sin*a;c& = / sin*^a:dir. 

Jo n J^ 

Similarly, if n be positive and greater than 3, 

/ sin"" Wa: = ^ / sin""^<fl^. 

Jo n-2J^ 

Proceeding thus, if n be an even positive integer we shall 

aiTive at | dx or ^tt; if n be an odd positive integer we 

shall arrive at / sin xdx, which is unity. Hence, if n be a 

Jo 
positive integer, 

ly^'-dxJ^^^^^^^^ (neven), 

Jo "^ n(n-2)(n-4) 3 l** o^^;- 

These two results hold if we change sin x into cos ar, as 
will be found on investigation, 

36. From the preceding results we may deduce an im- 
portant theorem, called Wallis's Formula* 
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Suppose n an even positive integer ; then 

n n — z n — 4! 422 ^' 






sm ^^^-^^i-^^g.^^^ 3 l^;. 



Now it is obvious that ^voi!*'~^xdx is less than 

•'0 

I ^w^'^xdx and greater than I sin'*a:6?a;; because each 

element of the first integral is less than the corresponding 
element of the second integral and greater than the corre- 
sponding element of the third integral. And it has been 
shewn that 



/. 



in- 

sin" xdx ^ 

w — 1 



i 



sin""*'* xdx 





tilt ^ 

I sin" xdx - 

Therefore -r^ is less than 1 and greater than . 

1 sin""^ xdx 

Hence the ratio of the right-hand member of (1) to the 
right-hand member of (2) is less than unity and greater than 

; thus 

n 

TT. , ,, 2.2.4.4.6.6 Oi~2)(w-2) 

2 ^^ ^^^'^' *^^^ 1.3.3.5.5.7 (n-3)(n^l) ' 

,, ,, 2.2.4.4.6.6 (w-2)(w-2) n 

and less than 



1.3.3.5.5.7 in - 3) {n-l) 7i - 1 ' 
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n 



.. {{a^-Vxydx^ . 1 + — TT (^ +^) ^^• 

T. I. c. 4 



2. j'«-V(2a^-^)di=-2— ^2^ 

cV(2<«-a^)&-™'. 

V(2o«-x')& |(2a«-a^!+^Lv(2<«-»0<ir. 

I? i^{2ax — a^ dx = — g— . 
I?»'(2oa; -!»■)&:-—, 



(» + l)"J 






n" 5 cos* 5 1?^ = - J cos' 5 + J cos' S. 

n* ^ "c oa' "^ = 3 (tf™ ^ - -^ot ^} + i (tan' ^ - cot' 0). 

T^edO sing I -s in tf 

cos'g '"acoa'5"^*^^l + 8mg' 
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15. (^ (cos2^5cos^<f^ = ^^^\ 

Assume j^(2) sin =: sin ^. 

16. p(a'-aOco8-'|da. = (l+^)|\ 



17. [" (vers-'^y (for = K - 4) a. 



18. 



\ 

r** sm'a? t?a? c* — 1 , ,^ . . 2 — c 



19. If ^ («) = I (1 + c cos a;)"" d«, shew that 

{n — 1) (l — <^ 4>{n)= — c sin x{l+c cos a;)"*" 

+ (2/t - 3) ^ (n - 1) - (n - 2) ^ (n - 2). 

20. ^'•- - -"' '^"^ 



r** a; 



4 • 





21. I a:V(2aa? — ar) vers *-aaj=-^+--y-. 

22. I (tana;ydte = ^-ilog2. 

c being less than unity. 
24. LetP=-4aj" + 5a/'+Cb''+..., F^^ = L^'P'tfo, 

a = 7w + l+na, ^ = m + l+n6, 7 = m + l + nc,.., 

Then 

F =^F 4-7?F 4- ^F 4- 

(tJambridge and Duhlin Mathematical Journal, VoL in. page 
242.) 



CHAPTER IV. 

MISCELLANEOUS HEMARKa 



We have at the beginning of this book defined the 
>f ^ {x) between assigned limits a and b aa the limit 
ain sum X^ (x) ^x, and have denoted this limit by 

'a. We have shewn that this limit is known as soon 

3W the function -^ (a;) of which A (x) is the dififeren- 
cient. In the pages immediately following we gave 
for finding ■^ {x) in different cases. We shall now 
: miscellaneous remarks and theorems, some of which 
1 the attention of the student to the process of sum- 
hich we placed at the foundation of the subject. , 

Suppose we wish to find the integral of ein x between 
,nd h immediately from the definition. By Art. 4 we 
nd the limit when n is infinite of 

sin (a + A) + sin (a + 2A) + sin {a + (» - 1) i}], 

-\{h-a). 

[nown &om Trigonometry that this series 

h — a AN . h — a 



,\ . nh 
Ajsm-g- 



hsmli 

1 ■ TT" 

°2 ""l 



2 
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The limit of , when n is infinite and therefore h zero is 



2 ; hence the required integral is 

. h -V a . h — a 



2 sin 



sm 



= cos a — cos J. 



39. Required the limit when n is made infinite of the 
series 



n n n n n 



1 (1 

- T + 



This series may be written 

1 11 



+ 



putting h for -, we obtain 



'^(^)T 



h 



fl 
T + 



+ 



[1 ' 1+A" 1 + (2A) 



+ 



H-(^-irA*j 



Comparing this with Art. 4 we see that the required limit is 

C dx f dx 
what we denote by I r ^3. Now \- -^^ioixr^x; hence 



TT . 



- is the required limit. 

40. We define I <^ (a?) cZa; as the limit when n is infi- 

nite of 

\4> (a) 4- A,<^ (a?J ...... + An^(a?^i). 

Now let -4 and B be the greatest and least values which 
^(x) takes between the limits a and 6; then the series is 
less than 
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and is greater than 

(K + h,+ + K)B; 

that is, the series lies between 

( J — a) ^ and (J — a) B. 

The limit must therefore be equal to (i — a) C, where C is 
some quantity lying between A and B; but since ^{x) is 
supposed continuous, it must, while x ranges from a to b, 
pass through every value between A and B, and must there- 
fore be equal to C when x has some value between a and b. 
Thus (7 = ^ {a + ^(6 — a)}, where is some proper fraction, 
and 

I ^ (a;) (&= (6 - a) ^ {a + ^ (6 - a)}. 

Similarly if ^ (x) retains the same sign while x lies be- 
tween a and b, we may prove that 

I ^(aj)*^(ic)dar = ^{a + ^(6-a)} / '^{x)dx. 
41. The truth of the equation 

rh pe rb 

I if>{x)dx=il if>{x)dx+j ^{x)dx (1) 

will appear immediately; for suppose 'sfr (x) to be the integral 
of (f> {x), then we have on the left-hand side 

-^ (i) - -^ (a), 
and on the right-hand side 

-^ (c) — -^ (a) + -^ (6) — -^ (c). 
In like manner the equation 

I il>{x)dx^-\ 4>{x)dx (2) 

is obviously true. We may shew also that 

I (l){x)dx=l <f>{a — x)dx (3). 
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For putting a — a? = « we have 



therefore I ^ (a— a;) dlr = — I (f> {z)dz 

J A J a 



•' o 



= r^ (z) dz, by (2). 
Of course / ^{z)dz^ I ^ (x) dx, since it is indifferent whe- 



•'0 



ther we use the symbol a; or in obtaining a result which 
does not involve x or z. 

We have from (1) 

I <f>{x)dx= I <f>{x)dx+ j (f) (x) dx. 

^ The second integral on the right-hand side, by changing 
X into 2a — x\ will be found equal to 

I ^ (2a - a;') die' or j ff>{2a'-x)dx. 

Jo •'0 

Hence 

r^ (a?) dx = 1 {^ (a;) + ^ (2a — x)} dx, 
Jo 

Hence, if ^ (a?) = <^ (2a — x) for all values of x comprised 
between and a, we have 

f <l>{x)dx^2 r(l){x)dx (4), 

and if ^ (2a — a;) = — ^ {x), we have 

r4>{x)dx = (5). 

For example, 

rsm'0d0^2rsm'0d0 by (4) 

Jo •'0 
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and I cos'^(?5 = by (5). 

•'o 

42. Such equations as those just given should receive 
careful attention from the student, and he should not leave 
them until he recognizes their obvious and self-evident truth. 



/, 



co^OdO is by definition the limit when n is infinite of the 



series 



h {cos' h + cos' 2h + cos' 3A +cos' {n - 1) h], 

where nJi = tt. Now 

cos' ^ = — cos' [n — 1) h, cos' 2^ = — cos' {n - 2) h, ; 

thus the positive terms of the series just balance the negative 
terms and leave zero as the result. 

In the same way the truth of / ' sin' 0d0 = 2 I sin' ddff 

follows immediately from the definition of integration, and the 
fact that the sine of an angle is equal to the sine of the sup- 
plemental angle. 

Suppose 6 greater than a, and ^ {x) always positive be- 
tween the limits a and b of x; then every term in the series 

2^ {x) Ax is positive, and hence the limit 1 ^ {x) dx must 

J a 

le a positive quantity. 

43. All the statements which have been made suppose 
that the function which is to be integrated is always finite 
between the limits of integration; for.it must be remem- 
bered that this condition is included in the word continuous 
of the fundamental proposition, Art. 2. If therefore the func- 
tion to be integrated becomes infinite between the limits of 
integration, the rules of integration cannot be applied ; at 
least the case must be specially examined. 

r dx 
Consider I -jtz ; ; the value of this integral is 

2 — 2 v^(l — a). Here the* function to be integrated becomes 
infinite when a? = 1 ; but the expression 2 — 2 V(l — <^) is 
finite when a = 1. Hence . in this case we may write 
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I — r = 2, provided that we regard this as an abbrevia- 

[^ dx , 
tion of the following statement : " -jy= r is always finite 

if a be any quantity less than unity, and by taking a suffi- 
ciently near to unity, we can make the value of the integral 
differ as little as we please from 2" 

Next take I ^ ; the value of this integral is —log (1 —a), 

which increases indefinitely as a approaches to unity. Hence 

r dx 
in this case we may write i = oo provided that we 

regard this as an abbreviation of the following statement: 

" I ' increases indefinitely as a approaches to unity, and 

by taking a sufficiently near to unity we can make the inte- 
gral greater than any assigned quantity." 

Next consider \-fz, -«\ the intesral here is r . If 

]{\. — xf^ ^ \—x 

without remarking that the function to be integrated, be- 
comes infinite when ^ = 1, we propose to find the value of the 
integral between the limits and 2, we obtain — 1 — 1, that is 
— 2. But this is obviously false, for in this case every term 
of the series indicated by S ^ {x) Lx is positive, and therefore 

the limit cannot be negative. In fact I tz r^and I y^ rg 

are both infinite. This example shews that the ordinary 
rules for integrating between assigned limits cannot be used 
when the function to be integrated becomes infinite between 
those limits. 

44 In the fundamental investigation in Art. 2, of the 

value of I ^ {x) dx, the limits a and h are supposed to be 

finite as well as the function ^ {x). But we shall often find it 
convenient to suppose one or both of the limits infinite^ as we 
will now indicate by examples. 



• 
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Consider I z ^ ; the integral is tan"* x. Hence I ^ ^ 

= tan"* a ; the larger a becomes, the nearer tan"* a approaches 

7j" 

to -^ , and by taking a sufficiently large, we can make tan"^ a 
differ as little as we please from ^ ; hence we may write 



[ 

y n 



(I OS TT 

= - as an abbreviation of this statement. 



1+x' 2 

dx 



Similarly I -^ = log (1 + a) ; and by taking a large 

enough we can make log (1 + a) greater than any assigned 
quantity. Hence for abbreviation we may write 



/, 



dx 

00. 



1+^ 



45. Suppose the function <^ (x) to become infinite once 
between the limits a and b, namely, when a? = c. We cannot 

then apply the ordinary rules of integration to <^ (x) dx ; but 

we may apply those rules to 



r^(x)dx+l <l> {x) dx 
J C4JA 



for any assigned value of fi however small. The limit of the 
last expression when fi is diminished iudefinitely is called by 

Cauchy the principal value of the integral 1 <f> {x) dx. 
For example, let ^ (a?) = ; 

C "~ X 
f^ dx C "~ CL 

then = log , 

[^ dx [^ dx . b-c 
and = - =-log ; 
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hence the principal value is log log , that is 

46. The value of l-77-r sr is sin"*-: hence 

J^J(ar'-x) a 

Students are sometimes doubtful respecting the value which 
is to be assigned to sin"* (1) and to sin"* (— 1) in such a result 
as the above. Suppose we assume a;=a sin ^ ; thus the integral 

becomes / dd or 6. Now x increases from — a to a, hence 

the limits assigned to 6 must be such as correspond to this 
range of values of x. When a? = — a then 6 may have any 

value contained in the formula (4n — 1) ^ , where n is any 

JU 

integer. Suppose we take the value {in — 1) — , where n is 

some definite integer, then corresponding to the value a? = a 

we must take 6 = (4n — 1) ^ + tt ; this will be obvious on 

examination, because a? is to change from — a to + o, so that 
it continually increases and only once passes through the value 
zero. 



TT f" ^^ 
Hence / -77~i tt — tt. 



As this point is frequently found to be difficult by begin- 
ners we will consider another example. 



Suppose we require I — 

J ^ 



8ec^0d9 
•^ + tan^^' 



We have {^^l^AL - 1 tan"* (^^ • 
we nave J ^2 + tan»^"a^^'' \ a )' 

and as the integral is to be taken between the limits and tt, 
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we must determine the values of tan"' ( j in these cases. 

Suppose 0, ^1, ^2, ^g, ... ^„, TT, to be a series of quantities in 
order of magnitude. By the nature of integration 

fir fBi r^a r0g fir 

ud6=\ udd-\-\ ud0-\'\ ud0 + .,.+ } ud6. 

Jq Jo JBi Jot J9^ 

Now each of the integrals on the right-hand side can be 
made as small as we please by increasing n and making two 
consecutive quantities as 6^ and 6^^-^ to diflFer as little as we 

please. Hence we see that the symbol tan"* ( ^ — j must be 

so taken that tan"* (— — ^M — tan"* [ **) shall diminish 

indefinitely when 6^^^ — 6^ does so. 

j must increase continuously with 6y 

and it can only pass once through an odd multiple of ^ while 
passes from to tt. If then we take wtt for the value of 

tan"* f j when ^=0, we must take (m4-l)'7r for the value 

when 5 = TT ; and thus the value of the integral between the 

. . . -TT 

assigned limits is - . 

A common mistake with beginners is to take the second 
value the same as the first, instead of taking the second value 
to exceed the first by tt ; thus the value of the proposed inte- 
gral is made to be zero, which contradicts the last paragraph 
of Art. 42. 

. . . r*^ (a — c cos 0) d0 

Again, suppose we require j^ ^-p^-2^^^^. 

/• {a-ccose)dd _ 1 ({ a»-c' \ 

jd' + c'- 2ac cos (> 2aJ\ "^ a' + o'- 2ac cos 6} 

Thus the required integral is „- H — ^ — I -;; — 3 — ^ 
^ ^ 2a 2a j.a'+c''-2a 



2ac cos 6 ' 
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Now I a . i 

Ja +c — 



2ac cos 
f sec'iede _ 2 ^ ^r/a + c .^^ 

2 TT 

When taken between the assigned limits this gives — - 

a — c 2 

2 TT . . 

if a is greater than c, and — g^ , 5- if a is less than c. 

Hence the value of the proposed integral is - if a is greater 
than c, and zero if a is less than c. 

47. The Integral Calculus furnishes simple demonstra- 
tions of some important theorems relating to the convergency 
and divergency of series. 

If ^ (x) continually diminish as x increases without limit 
from the value a, then the infinite series 

4>{a) 4-<^(a+l) + ^(a+.2) + 

and the integral I <f> (x) dx are both finite or both infinite, 

J a 

ra+1 

For since ^ {x) continually diminishes I (f) (x) dx is less 

J a 
ra+l /•«+! 

than I <f> (a) dx, and is greater than I <f>{a + l)dx; that is 
I (f>(x) dx is less than ^ (a) and is greater than ^ (a + 1). 
Similarly (f>{x) dx is less than ^ (a + 1) and is greater 

•' a+i 

than ^ (a+2). Proceeding in this way we can shew that 
the integral I (f) {x) dx is less than 

J a 

<l>{a) + if>(a + 1) +^ (a + 2) + 
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but is greater than 

^(a+l)+^(a + 2) + ^(a+3)+ 

Hence the series and the integral are both finite or both 
infinite. 

48. Now let log x be denoted by \ (a;), let log (logic) be 
denoted by \* (a;), and so on. Then we shall demonstrate the 
following theorem ; 

The series of which the general term is the reciprocal of 
n\ (w) \" (n) V (n) {V^^ (n)}", 

is convergent if pbe greater than unity, and divergent if pbe 
less than unity. 

then / (f) (x) dx == - — - ' ^^ — ,iiphe not unity, and = X**^ (a?) 
if ^ be unity. 

Hence I <^{x)dx^— - — T~^ — , if j? be greater than 
unity, and is infinite if p be equal to unity or less than unity. 
Hence the theorem follows by Art. 47. 

49. We now proceed to investigate rules for determining 
whether a proposed infinite series is convergent or divergent. 

Let there be to infinite series 

1 1 1 1 

i^(n)"*"i|r(w + l)"*"i|r(n + 2)"*"i|r(n + 3)"*" ' 

1 

denote the general term by . > . It is obvious that the 

series is certainly divergent unless '>^ {x) increases indefinitely 
with x: we will suppose that '^(a?) increases indefinitely 
with X, 
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I. Suppose, as x increases indefinitely from a certain 

value a, that , . . is always less than — , where C and p 

y^{x) '^ of ^ 

are constants, p being greater than unity; then the proposed 
series is less than a certain series which is known to be con- 
vergent by Art. 47: therefore the proposed series is con- 
vergent. 

If , , . is less than -=, then of is less than G-^ (x) : and, 

Y (ai) or T \ /J ' 

taking logarithms, we find that p is less than ^, r \ J ^ 

The last expression assumes the form — when x is infinite ; 

by the ordinary rules for evaluating such an expression we 

obtain , .^ as its equivalent. Therefore if the limit of 
yjr (x) 

* r / / , when X is infinite, is greater than unity, we can find a 

quantity p, greater than unity, such that a^ is always less 
than Cyjr (a?). Hence the proposed series is convergent. 

In a similar manner it may be shewn that if the limit of 

xyJ/* (x) 
T , / , when X is infinite, is less than unity, we can find a 

ylr {x) ' '^ 

quantity p, less than unity, such that a^ is always greater 
than C^ (x). Hence the proposed series is greater than a 
certain divergent series, and is therefore itself divergent. 

flJw* (Xi 

IL Thus if the limit of T , , , when x is infinite, is 

y}r{x) 

either greater than unity or less than unity, the nature of the 
series is determined : but if this limit is unity, further investi- 
gation is required. 

Suppose, as x increases indefinitely from a certain value a, 

1 C 

that . . is always less than — frT~\Ti> where (7and^ are 

"u/* \Xj X 1 A« \Xj I 

constants, jp being greater than unity; then the proposed 
series is less than a certain series which is known to be 
convergent by Art. 48 : therefore the proposed series is con- 
vergent. 
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than —^ , and, taking logaritlinis, we find that p is less 

^ C±(x) 

xT_ ° X . 1 . . • 1 . V log C^fr (a?) — \ (x) 

than — rrrr— > that is, p is less than — ^ — \ .^ / , ^-^. 

The limit of this expression when x is infinite is the same 

as the limit of X (x) \ T ,\ — 1 • - Hence if the limit of 

\'{ir(x) J 

this last expression is greater than unity the proposed series 

is convergent. 

In a similar manner it may be shewn that if the limit 
of the last expression is less than unity the proposed series 
is divergent. 

III. If the limit of X (x) \ ,}J — If, when x is in- 

finite, is also unity, further investigation is required : the 
general term of the proposed series may then be compared 

^'^^ x\ {x) [X' {x)f • 

Proceeding in this way we obtain the following result : 

letP,=^^, letP, = X(^) (P,-l), let P, = X»(^) (P,-l), 

and generally let P^ = X*" (x) {P^_^ - 1) ; and suppose that P^ 
is the first of the terms P^, P^, P,^,.., which has its limit, when 
X is infinite, different from unity : then the proposed series 
is convergent or divergent according as the limit of P^ is 
greater than unity or less than unity. 

We have supposed the general term of the series to be 
denoted by . v ; if it be denoted by xi^) ^^ ^^yQ to 

put — r-r instead of 'Jr (x) in the preceding result : hence 
X{x) 



■ f ■ '*. 



. ' , . ■ 
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we find that P. = ^\ , and that this is the only modifi* 

cation required. 

50. Another form may be given to the result. We know 
by the Differential Calculus that v(a? + 1) — x (^) = x{^ + ^)> 
where is some proper fraction. Hence 






therefore the limit, when x is infinite, of ,^ / is equal 

X (^) 



to the limit 






imit of a;-!l — 



X(^) ] 



— 1 ^ in the result of Art. 49. 



Thus we may put 



The theorems in Arts. 47, 48, and 49 have been derived 
from De Morgan's Differential and Integral Calculus; there 
is a valuable memoir on the subject by Bertrand in the 
seventh volume of the first series of Liouville*s Journal de 
MatMmatiqu£S. An elementary demonstration of the theo- 
rem of Art. 48 will also be found in the Algebra, Chapter 

LVI. 

51. Required I logsmxdx. 

Jo 

By equation (3) of Art. 41, 
/ logsina;c?aj= I log sin f ^ — a? j die = I logcosojrfa?. 

Hence, putting y for the required integral, 

2y = I (log sin x + log cos x) dx 
•'o • 

= I log (sin X cos x)dx 

•'O 

T. I. c. 5 
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**, sin 2x , 



= f log 

= I {log sin 2x — log 2} dx 

J 

= I log sin 2a;da; — ^ tt log 2. 

But putting 2x = a?', we have 
I log sin 2a?cZa7 = J I log sin x'dx 

= I log sin a? die, by equation (4) of Art. 41 ; 

J a 



therefore 2y = y — 5- log 2, 

therefore y = 9 ^^S 9 • 

Again, / 0^log8ia0d0=^l (tt — ^' log sin 5f?^, by equa- 

•^ •'0 

tion (3) of Art. 41 ; therefore 

= ['(tt^ - 27r5) log sin d0, 
J 

therefore / log sm0d0=^^ I log sin 0d0 = -^ log ^ . 

Required I -— y^^ — j-^dx. Put a;=tany, and the integral 





w 



becomes I log (1 + tany) dy ; but by equation (3) of Art. 41 

j log{l + tBJiy)dy=j log. 1 + tanf J -yj|dy, 

and 1 + tani-; — «/) = l + ^r— - = zr 

^ V4 V 1 + tanv 1 



tany 1+tany' 



i. ' 
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IT 

therefore 2 I log (1 + tan y) dy = v log 2 ; 

therefore J' ^g(|y^ ^ = |log2. 

See Carnbridge Mathematical Journal, VoL IIL page 168. 

52. The remainder after n + 1 terms of the expansion 
of <^ (a + h) in powers of A, may be expressed by a definite 
integral. For let 



«* .//. V «* 



Dififerentiate with respect to z, then 



«» 



Integrate both members of this equation between the 
limits and h ; thus 

F{h) -F{0) =- 11 JV.^-^ (a, - ;.) dz, 
that is, 
^ (a, _^) + h<f>(x-h) + ^^"{x-h)......+ ^^' (x-h)-^{x) 



Put a-\-hior X and transpose, then 



+ I^JV^"*'(a + A-a)cfe. 



Thus the excess of ^(a+A) over the sum of the first n+1 
terms of its expansion by Taylor's Theorem is expressed by 
the definite integral 



r^l «" ^•*' (a + A - a) £?^. 



5—2 
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By means of the first result in Art. 40, we may put for 
this definite integral 

|_n ^ 

where 5 is a proper fraction. 

By means of the second result in Art. 40, we may put for 
this definite integral 



[n .0 



or 



n + 



j <^»^^ (a + 0,h), 



where 5^ is also a proper fraction. 

53. Bernoulli's Series. By integration by parts we have 

I (f>{x) dx = x^ (x) — I x<f>' {x) dx, 

jx<f>' (x) dx = '^ij>'{x)-j'^ f ' (x) dx, 

ja?<f>" ((c) dx = l' f ' {x)-jj fix) dx, 

m 9 8 

Thus J ^ [x) dx = x4>{x)-^ f (x) + 1^ <fl'{x) 

Therefore, 

j'V(x)^x = a^(a)-j^f(a)+i|f'(a) 

, (-l)*-'a"rf."-'(a) (-1)" f" ^,, V , 
+ -^^ — —r—^ — ^ + -S— ^ x'S'ix) dx. 
[n [n J, ^ ^ ' 
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This series on the right hand is called Bernoulli's series. In 

some cases this process might be of use in obtaining I (f> (x) dx ; 

for example, if ^ {x) be any rational algebraical function of 
the (n - 1)*** degree, ^** {x) is zero ; or it might happen that 

/ a?"^* {x) dx could be found more easily than I ^ (a?) dx. Or 

again, we may require only an approximate value of 

I j>{x) dx and the integral 1 a;*^" (x) dx might be small 

enough to be neglected. 

54. By adopting different methods of integrating a func- 
tion, we may apparently sometimes arrive at different results. 
But we know {Differential Calculus, Art. 102) that two func- 
tions which have the same differential coefficient can only 
differ by a constant, so that any two results which we obtain 
must either be identical or differ by a constant. Take for 
example 

/ (ax + h) (a'x + h') dx ; 
integrate by parts, thus we obtain 

^, ^ . (ocB + Vf (a'x + 1') a' (ax + h)* 
that IS. i ^2H -M-^- 

If we integrate by parts in another way, we can obtain 

(a'x + aO' (cm; + &) g (a'x + hj 
2a' Ga" * 

Therefore 

(ax + If {3a {ax + V) - a' {ax + h)] 

6a* 

{a'x + h'Y {3a' {ax + b)-a {a'x + b')} 
and Q^ 
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can only differ by a constant. Hence multiplying by 6aV" 
we have 

a'* {ax + by {3a [a'x + V) - a' (aa; + 6)} 

where G is some constant. This might of course be verified 
by common reduction. We may easily determine the value 
of G\ for since it is independent of x we may suppose 

aa; + & = 0, that is, ir = — : then the left-hand member 

a 

becomes {aV — a'J)', which is consequently the value of (7. 
Similarly from 

Uax + 6) cic + ka'x + V) dx = \[{a + a') ar + 6 -f 5'} da; 

we infer 

2a za 2 (a + tt ) 

Multiply by 2aa' (a-^-a*) and then determine the constant by 
supposing 0? = ; thus we obtain the identity 

a (a + a') (oa? + J)' + a (a + a) {ax + &')* 

= aa'{(a + aV + & + &'}' + (Ja'-Ja)'. 

K we integrate a function between assigned limits the 
result must be the same by whatever method we proceed ; 
and in this manner we may obtain various algebraical 
identities. 

Take for example I a?" (1 — a?)" dx, where « is a positive 

Jo 

integer. We have, by integrating by parts, 
therefore f x" (1 - x)' dx = — % f * af^ (1 - «)*•"•<&. 
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Proceeding in this way we obtain 

J, ^ ^ (»» + l)(»» + 2)... (»» + » + !) ^' 

Again jV(l-a:)"da; = [Vjl-na? + ^!^^^ «•-... |<fo 



wi+1 l*w-f2 1.2 w+3 *" ^ ' m+w+1 

Therefore the expressions on the right-hand side of (1) 
and (2) are equal if » be any positive integer. 

55. By l<l>{x)dx we indicate the function of which <^ (a?) 

is the dififerential coefficient; suppose this to be -^(a;). Then 
we may require the function of which -^(a?) is the differential 

coefficient, which we denote by l'>lr{x)dx, or by ll(f){x)dxdx, 

1 

and so on. For example, the integral of 6** is je**+ C^, 

where C^ is a constant ; the integral of this is 



^,e^ + C,x + C,; 



the integral of this is 



c 

where -^ being still a constant may be denoted for simplicity 

by jB if we please. Proceeding thus we should find as the 
result of integrating e** successively for n times 

^ + ^,ar^ + ^.a?*-*+ + ^^a? + A, 

where -4^, A^y -4« are constants. 
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It is easy to express a repeated integral in terms of 
simple integrals. For let u be any function of x ; let 

Wj = I udx ; let w, = I u^dx ; let u^ = I u^dx ; 

and so on. 

By integration by parts we have 

w, = I Ujdx = ccWj — I a; ^ dx=^xl vdx — I icwtZcc ; 

1*3= lwj,da;= Ha? ludx— \xudx>dx\ 
therefore by integration by parts, 

Wg = -^ I udx — I -^ udx — a; I xudx + I a?'i^ 

= -^ j udx — a? I ajttda; + ^ I a?udx. 
The general formula is 



{-IfL^'udx. 



The truth of this formula may be easily established by 
induction; for if we dififerentiate both sides we obtain a 
similar formula with » — 1 in place of n. 
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I // _ \ = i/> ♦ (Assume a; = a sm a.) 



2. I -777; sr = Tra. 



V(2oa! - JB*) 






"Ac 9r 



•' i (a» + 



5. If <^ (a?) = <^ (a + ic), shew that 



I if) (x) dx = nl <f> {x) dx. 



6. Shew that I <l> {oc)dx = —^ I <^ (~9~ + "9 — ajjeic. 

7. Shew that I =— j- = -7- . (Change x into tt — x\) 

J Q X "1" COS X TC 

rs a? STr'a* 

(2ax — a;' p vers"^ -dx= -^tpt- • 
'^ a 16 

(Change x into 2a — a?'.) 
9. Find the limit when n is infinite of 



w VK-1) V(n'-2')^ -^^{n«-(w-l/}- 



Remit, -X. 
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10. Find the limit when n is infinite of 



V2w J ^ (2 J "^ [2n 



1 + ...to 2n terms 



(1 1 V /I 2 V /I 3 V 
2 + W +U + W ■*"l2 + 2;ij +...tontenn8 



Besutt, - 4.^ . 



-© 



InU 

I — In 



in )i 
n"j 



Hesult. -. (Take the logarithm of the expression.) 



12. Shew that I log tan xdx = 0. 

Jo 

13. Shew that I sin x log sin a; da; = log 2 — 1. 

J© 

14. If ./(a?) be positive and finite from aj = a toa? = a + c, 

shew how to find the limit of 

{/<«)/{«+3 /(»-^f 

when n is infinite; and prove that the limit in ques- 

•1 ra+e 

tion is less than - I f(x) dx, assuming that the geo- 

metric mean of a finite number of positive quantities 
which are not all equal is less than the arithmetic. 

J udx n 

Hence prove that e * is less than I ^dx, unless u 

be constant from a? = to a; = 1. 
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IT 

15. The value of the definite integral I log (1 + n cos' 0) dd 

may be found whatever positive value is given to n 
from the formula 

riog(l + wco8»^d5 = jlog{(l + 7i)(l+nj4(l+7i,)i...} 

where n^n^,n^^ are quantities connected by the 

equation 



Wr4l = 



fir 



4K + 1)- 

16. Shew that 

[^ J ^ cos (ax — 6) . . ^ 

l€f^co8axax = ^ 3-^ + a constant, 

J (a' + c")* 

where tan 6 = -. Hence shew that if e^cosoa? be 
^ c 

integrated n times successively the result is 
(a* + c*)* 

1 

17. Shew that the series of which the n^ term is a" — 1 is 

divergent. 



'' [n) ' 



18. Shew that the series of which the n^ term is f-1* is 

convergent if a is greater than unity, and divergent 
if a is not greater than unity. 

19. Shew that the series of which the n^ term is 

p(p + a) {p + 2a) (p + na) 

j(j + a) {q +2a) {q + na) 

is convergent if q is greater than p + a, and divergent 
if J is not greater than^? + a. See Art. 50. 



1 
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20. Suppose that the ratio of the (n + 1)"* term of a series 

to the n^ is equal to 

where ^ is a positive integer, and A, B, .,.a,b,.,. are 
constants : shew that the series is convergent if a is 
greater than j1 + 1, and divergent if a is not greater 
than -4 + 1. 

21. Let A = I u^dx, £ = I uvdx, C= j v^dx, and suppose 

the limits of the integration the same in the three in- 
tegrals ; then shew that AC is never less than B\ 

[Consider each integral as the limit of a certain 
summation ; then the Example depends on the known 
algebraical theorem, that 

(a,' + a,«+ ^a,'){c,* + c,^ + + 

is never less than 



-'■:.y':> 



n 



CHAPTER V. 

DOUBLE INTEGRATION. 

56. Let (f> (x) denote any function of x ; then we have 
seen that the integral of ^ {x) is a quantity u such that 

;f- = <f>{x). The integral may also be regarded as the limit 

of a certain sum (see Arts. 2... 6), and hence is derived the 

symbol / <^ (x) dx by which the integral is denoted. We 

now proceed to extend these conceptions of an integral to 
cases where we have more than one independent variable. 

57. Suppose we have to find the value of u which satis- 

fies the equation , , ■ = ^ (a?, y\ where ^ (a?, y) is a function 

of the independent variables x and y. The equation may be 
written 



KSj^'^^^'-y)' 



if v = -T- . Thus V must be a function such that if we diflfer- 
ax 

entiate it with respect to y, considering x as constant, the 

result will be <j> {x, y). We may therefore put 

v=^j<l>{x,y)dy, 
that is '£:^ j ^ ^^> y^ ^2/' 
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Hence u must be such a function that if we differentiate it 
with respect to x, considering y constant, the result will be 

the function denoted by 1 <l> {x, y) dy. Hence 



y'^\\\j>{x,y)dy\dx. 



The method of obtaining u may be described by saying 
that we first integrate ^ (a?, y) with respect to y, and then 
integrate the result with respect to x. 

The above expression for u may be more concisely written, 
thus, 

jj<l>(^>y)^y^p OT jj<l>{x,y)dxdy. 

On this point of notation writers are not quite uniform ; we 
shall in the present work adopt the latter form, that is, of the 
two symbols dx and dy we shall put dy to the right, when we 
consider the integration with respect to y performed before the 
integration with respect to x, and vice versa, 

58. We might find u by integrating first with respect to 
X and then with respect to y ; this process would be indicated 
by the equation 



u 



=jj(t>{x,y)dydx. 



59. Since we have thus two methods of finding u from the 

equation , , = (f) (x, y), it will be desirable to investigate if 

more than one result can be obtained. Suppose then that te^ 
and Wj are two fiinctions either of which when put for u satis- 
fies the given equation, so that 

^ = 4>(x,y) and ^=^(^,y). 

We have, by subtraction, 

dxdy dxdy"^' 
that is, ^ (^^ = 0, where v^u^-u^ 



DOUBLE INTEGRATION. 79 

Now from an equation ^ =0 we infer that w must be a 

constant^ that is, must be a constant so far as relates to a; ; in 
other words, w cannot be a function of a?, but may be a func- 
tion of any other variable which occurs in the question we are 
considering. 

Thus from the equation ^ T^J = we infer that ~ 

cannot be a function of x, but iriay be any arbitrary function 
of y. Thus we may put 

By integration we deduce 

^^\fiy)dy + constant 

Here the constant, as we call it, must not contain y, but 
may contain x] we may denote it by x (^)- -^jid \f{y) dy 
we will denote by -^ (y) ; thus finally 

v = y^{y) + X (^)- 
Therefore two values of u which satisfy the equation 
7 7 = ^ {x, y) can only dififer by the sum of two arbitrary 
functions, one of x only and the other of y only. 

60. We shall now shew the connexion between double 
integration and summation. Let ^ {x, y) be a function of x 
and y, which remains continuous so long as x lies between 
the fixed values a and 5, and y. between the fixed values a 

and )9. Let a, a:,, aj^, x^^y 5 be a series of quantities in 

order of magnitude ; also let ^y^^y^, y,^^, /8 be another 

series of quantities in order of magnitude. 

Let a?i — a = Aj, a?, — a;^ = A^, J — a?^^ = h^ ; 

also let yi~a = i„ y,-y, = A?„... ^-y^^^K^ 
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We propose to find the limit of the sum of a certain 
series in which every term is of the form 

^A^ i^r-v y^tl 

where r takes all integral values between 1 and n inclusive, 
and 8 takes all integral values between 1 and m inclusive ; and 
ultimately m and n are to be supposed infinite ; also x^ and 
y^ are to be considered equivalent to a and a respectively. 
Thus we may take hk(f) [x, y) as the type of the terms we 
wish to sum, or we may take Ax^y<f> [x, y) as a still more 
expressive symbol. The series then is 

4- A, {ii^K,a) + Jc^<l> {x„y;}+k,(f>{x,, y^ + h^j> {x^yy„u.^] 



.t. 



Consider one of the horizontal rows of terms, which we 
may write 

The limit of the series within the brackets when \, k^,.,,k^ 
are indefinitely diminished is, by Art. 3, 



/: 



<A (^r> y) dy. 



Since this is the limit of the series, we may suppose the 
series itself equal to 

f <l> {x,, y) dy + p,^^, 

J a 

where Pf.+i ultimately vanishes. 

Let I <f) {x^, y) dy be denoted by '^{x^ ; then add all the 

horizontal rows and we obtain a result which we may de- 
note by 

Xh'\jr(x) + l,hp. 
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Now diminisli indefinitely each term of which h is the type, 
then 2Ap vanishes, and we have finally 



dx. 



rb 

I '\jr (x) dx ; 

that is, J \j ^ ^^' y^ ^y 

This is more concisely written 

J a J a 

dy being placed to the right of dx because the integration is 
performed first with respect to y. 

61. We may again remind the student that writers are 
not all agreed as to the notation for double integrals. Thus 

we use I I if>{xyy)dxdy to imply the following ' order of 

operations : integrate <^ (a?, y) with respect to y between the 
limits a and )8 ; then integrate the result with respect to x 
between the limits a and h. Some writers would denote the 

same order of operations by I I ^ (a;, y) dydx. 

J a J a 

62. We might have found the limit of the sum in Art. 60 
by first taking all the terms in one vertical column, and then 
taking all the columns. In this way we should obtain as the 

sum I I <f>{x, y) dydx ; and consequently 

J a J a 

\ <l>{^7y)dydx='\ j <j){x,y)dxdy. 

J a J a J a -f a 

The identity of these two expressions may also be esta- 
blished by the aid of Art. 59, as we will now shew. 

Let F {x, y) denote the integral of ^ (a?, y) with respect to 
y, supposing X constant; and let /(a:, y) denote the integral 
of F{x^ y) with respect to x supposing y constant. Then 

T. I. c. 6 
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f r<}>{x, y) dxdy = \\f{x, fi)-F{x, a)} dx 

= f F{x,P)dx-\ F(x,a)dx 

J a J a 

=f{b, ff) -/{a, /8) -fib, a) +f{a, a) (1). 

Now let us first integrate (f) (x, y) with respect to ar, sup- 
posing y constant, and then integrate the result with respect 
to y, supposing X constant ; let^ {x, y) denote the final result. 
Then we obtain 

f7'<^(^,3^)^y^=/i(*>^)-/i(*>«)-/x(«,/8)+/,(a,a)...(2). 

J a. J a 

But, by Art. 59, 

M^>y)=f{^^y)-^^(y) + x{^) (3), 

where '^{y) is some function of^ without x, and x(aj) is 
some function of x without y. By making use of (3) we 
shall find that the right-hand member of (2j reduces to the 
right-hand member of (1). 

The function ^ (a:, y) is assumed to be finite through the 
range of the integration : for that is involved in the notion 
of continuity : see Arts. 2 and 43. 

63. Hitherto we have integrated both with respect to x 
and y between constant limits; in applications of double 
integration, however, the limits in the first integration are 
often functions of the other variable. Thus, for example, the 

symbol \ \ (f>(x, y) dxdy will denote the following opera- 

tions: first integrate with respect to y considering x con- 
stant; suppose F{x,y) to be the integral; then by taking 
the integral between the assigned limits we have the result 

F{x,ir{x)}^F{x,xix)}. 

We have finally to obtain the integi-al indicated by 

\F{x.^p^{x)}-F{x,x{x)}]dx. 



I. 



The only difference which is required in the summatory 
process of Art 60 is, that the quantities a, y^, y^, ...y^-i will 
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not have the same meaning in each horizontal row. In the 
(r + 1)*** row, for example, that is, in 

*r+i {Ki> (^r> a) + Jc^<l> {xr, y,) + A,<^ (o?^, ^J • .. + A;^<^ {xr, y«.,)}, 

we must consider a as standing for %(a:^), and y^, y,, as 

a series of quantities, such that % {x^), y^, y„ y„^, -^ (a?,.), 

are in order of magnitude, and that the difiference between 
any consecutive two ultimately vanishes. Hence, proceeding 

as before, we get I <t>{x^iy)dy for the hmit of the sum of 

the terms in the (r + 1)*** row. 

64. It is not necessary to suppose the same number of 
terms in all the horizontal rows ; for m is ultimately made 
indefinitely great, so that we obtain the same expression for 
the limit of the (r + 1)"* row whatever may be the number 
of terms with which we start. 

65. When the limits in the first integration are functions 
of the other variable we cannot perform the integrations in a 
different order, as in Art. 62, without special investigation to 
determine what the limits will then be. This question will 
be considered in a subsequent Chapter. 

66. From the definition of double integration, it follows 
that when the limits of both integrations are constant, 

jj(l>(x)ylr{y) dxdy = J 6 {x) dxx^'^iy) dy, 

supposing that the limits in j'^(y) dy are the same as in the 

integration with respect to y in the left-hand member, and the 

limits in l(f>{x)dx the same as in the integration with respect 

to n; in the left-hand member. For the left-hand member is 
the limit of the sum of a series of terms, such as 

and the right-hand member is the limit of the product of 

and ^i-f (yj + *2'f (yj + hf(j/0 + J^mfi^m^i)' 

6—2 
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67. The reader will now be able to extend the processes 
given in this Chapter to triple integrals and to multiple 
integrals generally. The symbol 



J U Jilt J C» 



will indicate that the following series of operations must be 
performed : integrate <f) (x, y, z) with respect to z between the 
limits f(, and fj considering x and y constant ; next integrate 
the result with respect to y between the limits r^^ and r}^ con- 
sidering X constant ; lastly integrate this result with respect 
to X between the limits \^ and f j. Here Jl, and ^ may be 
functions of both x and y ; and r}^ and r}^ may be functions 
of X. This triple integral is the limit of a certain series 
which may be denoted by 2^ (x, y, z) Ax Ay A^. 



MISCELLANEOUS EXAMPLES. 

Obtain the following eight integrals. 



x^dx 



Eeault Q sin""^ -^ . 
6 a* 



J (x — a) (x — 



{x '-a)(x'- b) (a? — c) ' 



Remit. X \ ^'^Qg(^"^) I ^'lQg( ^-^) , cnog(a;~c) 

{a — h){a'-c) (p'-a)ib''C) (c'-a){c-'b) ' 

Q [ tan X dx ^ , log (cos* a? + w' sin* ic) 
'^' jl + m»tan«a:- ^^^''^^' 2(77i*-l) ~- 

^- I — // 2n . — sr:- (Putaj = -). 
J X Aj(ar + oj*") V y/ 



1 cd 

Result. — ;j log 



ndr ^a'' + V(a''" + a^)' 



i 
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-I 



sec X sec 2x dx. 



„ ,^ 1 , l + /v/2sma; 1, 1+sma; 
Resmt -727 log = -tet-' h log ^ . — . 



rtan a — tan x , 
J tan a + 



tana; 

Re9uU. sin 2a log sin (aH- a;) — xcos 2a. 



7 f___^___ 
ja;VaV + a^' 



T> 7^ 1 1 a;* 4- aa; + a* . 1 . _. a;a/v/3 



^ f (a - Ja;') Ja; /t> x « , jl v 



Result, cos"* ,, ^ . .> . 

V(c + 4a6) 



9. Find the limit when n is infinite of 



{ 



.7r.27r.37r . H7r — TTI* ^ - 1 

sm — sin — sm — sin \ . ResuU, z<. 

n n n ^ j 2 

10. Shew that 



\\ (tan-a:)Va; = J g - l) +log ^2. 



11. Shew that 









12. Let -4= ||tt*d!a;Jy, B =: I juv dx dy, G=jjv*dxdi/f 

and suppose the limits of the integrations the same in the 
three integrals; then shew that AG is never less than ff. 

(See Example 21 at the end of Chapter IV.) 
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13. If I (z) dz is equal to unity, and ^ (z) is always 
positive, shew that 

n tjt (z) cos cz dz] -i- ( j ^ («) sinca dzl islesathanuDity. 

(See History o/...Prci>ahiUty, page 564.) 

If I if){z)dz is equal to unity, and ^ {») is always 
e, shew that 

I 2^ W '''^ - ( I ^^ (s) (^J^ ) is positive 

(See History of... Probability, page 666.) 
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CHAPTER VL 



LENGTHS OF CURVES. 



Plane Curves. Rectangular co-ordinates. 

68. Let P be any point on the curve APQ, and let x, y 
be its co-ordinates; let s denote the length of the arc AP 
measured from a fixed point A up to P; 




then {Differential Calculus, Art. 307) 

^s 



Hence 






\axj 



dy '.. 



From the equation to the curve we may express ~ in 

ax 

terms of a;, and thus by integration s becomes known. 

\ ' ■ ■ 

69. The process of finding the length of a curve is called 
the rectification of the curve, because we may suppo3e the 
question to be this : find a right line equal in length to any 
assigned portion of the curve. 
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In the preceding Article we have shewn that the length of 
an arc of a curve will be known if a certain integral can be 
obtained. It may happen in many cases that this integral 
cannot be obtained. Whenever the length of an arc of a 
curve can be expressed in terms of one or both of the co- 
ordinates of the variable extremity of the arc, the curve is 
said to be rectifiable. 

70. Application to the Parabola. 

The equation to the parabola is y=^ \J{^ax) ; hence 

y 

dy ^ la cfe _ I fx + a\ 
tx'^fS/x' cb""V \~^~/' 

thus B = L / [ J dx (See Example 6, page 19.) 

= isliax + oj') + a log {six + s]{a + a?)} + (7. 

Here G denotes some constant quantity, that is, some quan- 
tity which does not depend upon x ; its value will depend 
upon the position of the fixed point from which the arc s is 
measured. If we measure from the vertex, then s vanishes 
with X ; hence to determine we have 

alogf^a+ (7=0; 

and thus s = ^(aa; -\-x^ + a log {/^x + hj{a + a?)} — a log \/a 

If ^ ^\ ^ \ slx^rslia-Vx) 
= f^{ax + ar)+alog- ^ -. 

If then we require the length of the curve measured from 
the vertex to the point which has any assigned abscissa, we 
have only to put that assigned abscissa for x in the last 
expression. Thus, for example, for an extremity of the 
latus rectum x = a; hence the length of the arc between 
the vertex and one extremity of the latus rectum is 

a a/2 + a log (1 + V2). 

71. In the preceding Article we have found the value of 
the constant 0, but in applying the formula to ascertain the 
lengths of assigned portions of curves this is not necessary. 
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For suppose it is required to find the length of the arc of a 
curve measured from the point whose abscissa is a?, up to the 
point whose abscissa is, a?,. Let yft (x) denote the integral of 

a/\1 + i-r- ) • > and let s^ and s^ be the lengths of arcs of the 

curve measured from any fixed point up to the points whose 
abscissae are x^ and x^ respectively, so that 8^ — 8^ is the 
required length ; then 



8 



=/v/h(l)]'*"-*("+''^ 



hence «i = "^ (^i) + (7; 8^ = '\jr (a;,) + C; 

therefore «, — «j =• i|r (a? J — -^ (ajj). 

Hence to find the required length we have to put a?, and a?, 
successively for a? in -^ {x) and subtract the first result from 
the second. Thus we need not take any notice of the constant 
(7; in fact our result may be written 



••-'-UHDh- 



72. Application to the Cycloid. 

In the cycloid, if the origin be at the vertex and the axis 
of y the tangent at that point, we have (Differential Calculti8, 
Art 358) 

de _ /f^\ 

dx''\/\x)' 

therefore • ^ = \f{Sax) + 0. 

The constant will be zero if we measure the arc s from the 
vertex. 

Conversely if 5 = s/[^ax) + (7 we infer that the curve is a 
cycloid. And more generally if we have 

8 + A^iJ(B+C,x + Cjj\ 

where A^ B, C^, and (7, are constants, we infer that the curve 
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is a cycloid. For by suitable changes in the origin and 
axes the last equation can be put in the form 

8 = A/{8ax) + C. 

73. Application to the Catenary, 

c ' - 
The equation to the catenary is y = 5 (c* + c *) ; hence 



thus s = jf(e" + e"^)^=|(e'-e"*)+a 

* 

The constant will be zero if we measure the arc s from the 
point for which x = 0. 

74. Application to the Curve given by the equation 

o(r + y== a . 



Here ^ = ^^ ds _/ x^ + yh ^ ^a^ ^ 

dX X^^ dX \ rj^ ) rgM* 

., i[dx 3aM ^ 

thus 8 = a^j—r = — ^ — I- C. 



The constant will be zero if we measure the arc from the 
point for which x = 0. The curve is an hypocycloid in which 
the radius of the revolving circle is one-fourth of the radius of 
the fixed circle. (See Differential Calculus, Art. 362.) 

75. In the same way as the result in Art. 68 is obtained 
we may shew that 



8 



-M-d)]"- 
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Or we may derive this result from the former thus ; 



=V^(D}* 



dx 
From the equation to' the curve we may express -j- in 

terms of y, and thus by integration s becomes known. In 
some cases this formula may be more convenient than that in 
Art. 68. 

76. Application to the Logarithmic Curve. 

at 

The equation to this curve is y = Ja*, or y = Je* if we 
suppose a = e*; thus aj = clog|, 

therefore ^ = ^ ^^'l^l±l^, 

dy y dy y 

and ,^ fV(^+y*) j^^ r «^% , f ydy 

and *-j ^ rfy_J_^^^_+J___. 
The latter integral is is/((? + jf) ; the former is 

Hence , = clog^-|-^,^-^ + V(c* + 3^ + C. 

77. If X and y are each functions of a third variable t, 
we have {Differential Calculus, Art. 307) 

•=M(§)'-(I)1 



c?/. 



8 
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78. Application to the Ellipse. 

The equation to the ellipse is -^ + ^= 1. We may there- 
fore assume a; = a sin<^, y = J cos <^, so that ^ is the com- 
plement of the excentric angle {Plane Co-ordinate Geometry, 
Art. 168). Therefore, by the preceding Article, 

ds 

-7-T= V(<3&' cos'^ + 6' sin'<^), 

and s = I f^{a^ cos' ^ + 1^ sin" <f>)d(f>^a I V(l — e' sin' ^) d(f>. 

The exact integral cannot be obtained ; we may however 
expand ^^{1 — e' sin' ^) in a series, so that 

= aj{l-i6"sin'^-2-^e*sin*^-2^^^ } ^^> 

and each term can be integrated separately. To obtain the 
length of the elliptic quadrant we must integrate between the 

limits and ^ . 

Plane Curves. Polar Co-ordinates, 

79. Let r, be the polar co-ordinates of any point of 
a curve, and s the length of the arc me^'sured from any fixed 
point up to this point ; then (Differential Calculus, Art. 311) 

h,„ce '=/y{''+(l)}'«'- 

80. Application to the Spiral of Archimedes. 

dr 
In this curve r = aO, thus -tr^cl) 

hence s -'('^{r' + a')de=-a j,/(l + 0") d0 

= |^V(l + ^) + |log{^ + V(l + ^)l + a 

The constant will be zero if we measure the arc s from the 
pole, that is, from the point where ^ = 0. 
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81. Application to the Cardioide. 

The equation 16 this curve is r = a (1 + cos 0) ; thus 

«=fv{a'(l + cos^)'+a»sin*^}cZ^ = a[v(2 + 2cos^)rf^ 

= 2a I cos ^dd^'ia sin ^ + C 

The constant will be zero if we measure the arc 8 from the 
point for which 5 = 0, that is, from the point where the curve 
crosses the initial line. 

The length of that part of the curve which is comprised 
between the initial line and a line through the pole at right 

angles to the initial line is 4a sin ^j . The length of half the 
perimeter of the curve is 4a sin ^ , that is, 4a. 

82. Suppose we require the length of the complete peri- 
meter of the cardioide ; we might at first suppose that it 

would be equal to 2a j cos ^ d0 ; but this would, give zero as 

the result, which is obviously inadmissible. The reason of 
this may be easily seen ; we have in fact shewn that 

ds 

g = aV(2 + 2cos5), . 



and this ought not to be put equal to 2a cos ^ but to ± 2a cos - , 

and the proper sign should be determined in any application 
of the formula. Now by s we understand a positive quantity, 
and we may measure 8 so that it increases with 0, and thus 

-^ is positive. Therefore when cos ^ is positive, we take the 

J /} /} 

upper sign and put -^=2acos^; when cos^ is negative, we 

take the lower sign and put -7^ = — 2a cos ^. Hence the 
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length of the complete perimeter is not 2a j cos - dd, but 

2a I cos ^d0 — 2al cos ^ d0, that is, 8a. This result might 

have been anticipated, for it will be obvious from the sym- 
metry of the figure that the length of the complete perimeter 
is double the length of the part which is situated on one side 
of the initial line, and this was shewn to be 4a in the preced- 
ing Article. 

83. It may sometimes be more convenient to find the 
length of a curve from the formula 

which follows immediately from that in Art. 79. 

84. Application to the Logarithmic Spiral. 

The equation to this curve is r = ba^, or r = be^ if we sup- 

- r d0 c 

pose a = e^ ; thus ^ = c log t ; therefore ;t- = - and 

Thus the length of the portion of the curve which has r^ 
and r, for the radii vectores of its extreme points is 



/ 






V(l + c') rfr, that is, V(l + c') (r, - rj. 



The angle between the radius vector and the corresponding 
tangent at any point of this curve is constant {Differential 
Calculus, Art. 354); and if that angle be denoted by a 

ds 
we have c = tana; thus V(l + c*) = sec a ; therefore ^ = sec a, 

and « =s r sec a + C. Hence (r^ — r J sec a is the length of the 
portion mentioned above. 
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FormulcB involving the radius vector and perpendicular. 

85. Let <f> be the angle between the radius vector r of 

any point of a curve and the tangent at that point; then 

dr 
cos(l> = — {Differential Calculus, Art. 310). Let jj be the 

perpendicular from the pole on the same tangent ; then 
sin<^=2, therefore cos(f> = — —; 

thus ' f^^jr'-p^ 

as r 



therefore -r- = -rr-z ;r: . and s = 7,-s «t-. 



86. Application to the Epicycloid. 



With the notation and figure in the Differential Calculus, 
Art. 360, it may be shewn that the equation to the tangent 
to the epicycloid at P is 

cos a — cos -,— ^ 

f f , N 

sm ^ — sin — 7— 6 . 



where x and y are the co-ordinates of P, and x and y the 
variable co-orainates. Hence it will be found that the per- 
pendicular p from the origin on the tangent at P is given by 

;)«(a+2J)sin|^; 
also r' = a* + 4ib {a + b) sin'-^ ; 



thus p 

^ c' — a 



* = — 'li s- > where c = a + 26. 

c —a 

Hence, by Art. 85, 

_ V(c' - a") C rdr _ V(c^ ~ a') , , ^ 
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At a cusp r=^a, and at a vertex r=^c\ tlius the length of 
the portion of the curve between a cusp and the adjacent 
vertex is 

V(o'-a«)r- rir ^hat is ^^\ that is ^(^±^) . 

Hence the length of the portion between two consecutive cusps 

. 8i (a + h) 
is — ^^ -. 



a 



87. A remark may be made here similar to that in 
Art. 82. If we apply the formula 

to find the length between two consecutive cusps, we arrive 
at the result zero, since r = a at both limits. The reason is 
that we have used the formula 

da _ \/(c' — a') r 
dr a *J{c^ — r*) 

while the true formula is 

ds _ V(c' — ct') r 

dr " a A^(c* — r^) ' 

Since s may be taken to increase continually, it follows that 

ds 

-T- is positive when r is increasing, and negative when r i« 

diminishing. Now in passing along the curve from a cusp to 

the adjacent vertex r increases, thus -r- is positive, and we 

should take the upper sign in the formula for -j- ; then in 
passing from the vertex to the next cusp r diminishes, thus 
-T- is negative, and the lower sign must be taken. Hence the 
length from one cusp to the next cusp 



• 
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_ ^(c« ^ a«) p rdr V(c' - a') p rdr 

_ 2V(c'-a') r reZr ^ 86 (a + &) 

88. From what is stated in the preceding Article, it ap- 
pears that if the arc s begin at a vertex the proper formula is 

da __ V(c* — a?) r 
It a VCc'-O' 

therefore .^-^^C^Tl^) f.^r ^V(^ 

No constant is required since we begin to measure at the 
point for which r = c ; the formula holds for values of s less 

It may be observed that thus 

c^ — a' 

89. Similarly for the hypocycloid we may shew that 

i> =— ^5 — := — , where c = a — 26. 

Suppose c* less than a' ; then we may shew that 

ds^A/ia^-^c*) r 

and thus s may be found. The length of the curve between 
two adjacent cusps is — ^^ . 

Next suppose c* greater than a' ; then we should write 
the value of -y thus, 



dr 



d8_ , ^Jic^-d!) 
IZ"^ I 1 



T.La 
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in this case b is greater than a, and we shall find the length 
of the curve between two adjacent cusps to be — 



a 



When a=^2b we have c = and ^ = ; in this case the 
hypocycloid becomes a straight line coinciding with a dia- 
meter of the fixed circle. 

If a = J we have <? = c?\ in this case the denominator in 
the value of;** vanishes ; it will be found that the hypocycloid 
is then reduced to a point, and r=^a. 

It may be shewn as in Art. 88, that if 8 be measured from, 
a vertex to a point not beyond the adjacent cusp, we have 

the upper or lower sign being taken according as c is greater 
or less than a, 

FormulcB involving the Perpendicular and its Inclination. 

90. Another method of expressing the length of a curve 
is worthy of notice. 




Let P be a point in a curve ; a?, y its co-ordinates. Let s 
be the length of the arc measured from a fixed point A up 
to P. Draw OY a, perpendicular from the origin on the 
tangent at P, suppose OY = p, PF= u, YOx « ; then 
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p = a? cos5 + ysin5, 
u = x sin — y cos 0, 

-Ji = — cotd, -7- = — cosecd; 
ax ax 

therefore 

--g = — a;sm ^ + y cos ^ + cos^ 371 + sin ^-^ = — w, 
d0 ^ dd dd ^ 

d?p du ^ ' a ' adx , ^dy 

-=^ = — jTi = — ajcos^ — vsin^ — sin^ j^+cos d.r^ 
d8* d0 ^ d0 dd 

^dx ds 

therefore, by integration, 

therefore * ~ ^ "^ I P^^ ' 

this may also be written 

5 4- tt = I pdO. 

Suppose «, and w, the values of s and u when has the 
value 0^, and «, and w, their values when has the value ^,, then 

«, — 5j + ic, — Wj = I jpd^. 

We have measured u in the direction of revolution from P 
and have taken it as positive in this case ; when u is negative 
it will indicate that Y is on the other side of P. 

The preceding results may be used for diflferent purposes, 
among which two may be noticed. 

(1) To determine the length of any portion of a curve . 
when the equation to the curve is given; for from that equa- 
tion together with -r-^^ — cot we can find x and y in terms 

of 0, and therefore p which is equal to x cos -{-y sin^ ; then 
$ laaij be found from the equation 

7—2 
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(2) To find a curve such that by means of its arc a pro- 
posed integral may be represented ; for if the proposed inte- 
gral be jjxlff, where ^ is a function of S, the required curve is 
found by eliminating $ between the equations 



dd 



.e,y^p^.0^J^ 



dd" 



m the integral may be represented by « — -^ . 

3 Article has been derived from Hymere's Integral 
«, Art. 136. 

The results of the preceding Article may be obtained 
her way. X^t p denote the radius of curvature of the 




,t P ; let OP = r, and let s, u, and 8 have the same 
g as before, then from the Differential Calculus we 



ds , 



, therefore -3 
PY~rQO»OI'Y-'-r~; 



dr 
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therefore ^ = — PY= — w. 

au 

Let PG be the radius of curvature at P; draw OQ perpen- 
dicular to PC. The locus of C is the evolute of the curve 
AP', and QG is with respect to this locuj? what PY is with 
respect to the locus of P. Let 6', p' be the polar co-ordi- 
nates of Q, and let QG^u'; then 

ff=-0^^ andp^ = w. 
And y^-^—.d^ — .d^ — ^-d^- 

Also p=PQ + ec^=i> + w'=P+^; 

but P ~ ^ » therefore • = j^ + Ip^^. 

From the value of PY" we can obtain an easy proof of a 
theorem of some interest in the Differential Calculus {Differ- 
ential Calculus, Art. 329). Let p^ denote the perpendicular 
from on the tangent at Y to the locus of Y\ then (Differ- 
ential Calculus, Art. 284) 

since p is the radius vector of T. Thus 

Pt P P P P 
therefore p^ = 2. . 

A particular case of the formula 

8. 



— s^ + u^ — u^= I pdd 

J $1 



should be noticed. Suppose we take a complete oval curve 
without singular points ; then 0^== 0^-}- 27r, and u^ = u^ ; thus 

the complete perimeter of the curve is I pd0. 
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92. Application to the Ellipse. 




c A 

Let APB be a quadrant of an ellipse, CFthe perpendicu- 
lar on the tangent at P; let AGY—d. Then (Plane Co- 
ordinate Oeometry, Art. 196) GY= a a/ {I — e^ sin' 0) ; 

therefore A P+ PY^ aj^/{l - e' sin' 0) d0, 

the constant to be added to the integral is supposed to be so 
taken that the integral may vanish with 0. If iZ be a point 

such that its excentric angle is - — 0, we have, by Art. 78, 



thus 
And 



BB = aj^/{l- c" sin' 6) dd ; 
AF+FY=BB 



(1). 



•'■^ ~ "" 77^ "" "77i :J7TZT^ • 



d^ V(l-e'sin'^ 
Let X be the abscissa of P; then by Art. 90, 

X =p cos 5 — -^ sin 

//-•«• 2/i\ /I . oe'sin'^cos^ acos^ 

= aV(l — ^ sin 6^) cosCf4--T7^ a - «^\ =-7?i « - 2/i\ • 

^ ^ ^ V (1 — e sin* ^) V (1 — e siJi ^) 

Thus PF= 6*a; sin ^ ; and if a?' be the abscissa of jB we have 

(IT \ kXOC/ 
^ — 5 1 so that PY= . Thus (1) may be written 

BR^AP^^xx' (2): 

this result is called Fagnani's Theorem, 
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From the ascertained values of x and x we have 



a? 


s= 


a'- 


-a' 


1 • 5 

sm 


'd 


= 


o»- 


-a;" 


1- 


-e» 


sin 


e 


1- 


e'o;'*' 




o» 



therefore cVo?'* - a^ (a:' + x") + a* = 0. 

Thus the equation which connects x and x' involves these 
quantities symmetrically ; hence from (2) we can infer that 

BP—AB = - xx\ This is also obvious from the figure. 
a ° 

The length of PY is also equal to the length of the 
corresponding straight line at B, 

We may observe that the value of PY may be obtained 
more simply by means of a known property of the ellipse. 
For suppose the normal at P to be drawn meeting GA at G ; 
and through P draw a straight line parallel to GA meeting GY 
at Q. Then PQ = GG = e^x, by the nature of the ellipse ; and 

PY=PQ sin0=^e^x8me. 
93. Application to the Hyperbola, 




Let G be the centre and A the vertex of an hyperbola, 
CY the perpendicular on the tangent at P. Let AGY=0, 
and CY=p ; then it may be proved that 



PF-^P= a f V(l -eVsin'^) 



de. 
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This may be proved in the same manner as the corresponding 
result of the preceding Article; we may either make the 
requisite changes of sign in the formulae of Art. 90, which 
are produced by difference of figure; or we may begin from the 
beginning again in the manner of that Article. The constant 
to be added to the integral is supposed to be so taken that 
the integral may vanish with 0. 

Suppose a the greatest value which can have, then 
PY has its least inclination to the axis GA, and (Plane Go-' 
ordinate Geometry, Art. 257) cot a = V(^' — !)• When P moves 
off to an infinite distance PY^-AP becomes the excess of 
the length of the infinite asymptote from G over the length 
of the infinite hyperbolic arc from A. Thus this excess 



IS 



ar^{l^e^Bin'0)d0. 

J A 



Inverse. questions on the lengths of Gurves. 

94. In the preceding Articles we have shewn how the 
length of an arc of a known curve is to be found in terms 
of the abscissa of its variable extremity; we will now briefly 
notice the inverse problem, to find a curve such that the aro 
shall be a given function of the abscissa of its variable ex- 
tremity. 

Suppose ^ (a?) the given function ; then « = ^ (a?) ; 
therefore *'(-) = | = 7^ + (S)} ^ 

thus %=[W{x)Y-lf, 

and y=U{^'{x)Y-\fdx. 

95. As an example of the preceding method, suppose 
<f) (x) = ^(4icx) I thus ^' {x) = ^- ; therefore 
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{c — x)dx 






isj(cx — X^) 



dx 



\/(cx — x^) 2 J is/ {ex - ic*) 

= ^(cx - ic') + « vers'^ — + C. 
^ ^2 c 

We may write y' for y—C and thus we find that the 
curve is a cycloid. {Differential Calculus, Art. 358.) 

96. For another example suppose (f>{x)=a log x ; thus 

_^ r a'cJa? r xdx 

^alog——j^ ^+y'(a«-.a;')+ C. 

a + V (a — a? ) ' ^ \ ' 



Involutes and Evolutes, 

97. We may express the length of an arc of a curve with- 
. out integration when we know the equation to the involute 
of the curve. Suppose s' to represent the length of an arc of 
a curve, p the radius of curvature at that point of the involute 
which corresponds to the variable extremity of s, then {Dif- 
ferential Calculus, Art. 331) s ± p=l, where ? is a constant. 
If the equation to the involute is known, p can be found in 
terms of the co-ordinates of the point in the involute ; then 
these co-ordinates can be expressed in terms of the co-ordi- 
nates of the corresponding point of the evolute, and thus s' 
is known. By this method we have to perform the pro- 
cesses of differentiation and algebraical reduction instead of 
integration. 
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98, Application to the Evolute of the Parabola, 

Take for the involute the parabola which has for its equa- 
tion y^ = 4aa; ; let x\ y' be the co-ordinates of the point of 
the evolute which corresponds to the point (a?, y) on the 
parabola. Then by the ordinary methods {Differential Cal'^ 
cuius, Art. 330) we have 



4 



and p = '2,a ( j . 

Thus we shall obtain for the equation to the evolute 

27ay" = 4 (a;' - 2a)« ; 

and p . 2a {-—f', 

therefore s' ± 2a (—^ — ) ~ '^ 

Suppose we measure s from the point for which x' = 2a, 
that is, from the point which corresponds to the vertex of the 
parabola ; then we see that s increases with x\ so that we 
must take the lower sign in the last equation ; also by sup- 
posing X = 2a and «' = we find Z = — 2a ; thus 

This value of a' may also be obtained by the application of 
the ordinaiy method of integration. 



8 



99. When the length of the arc of a curve is known in 
terms of the co-ordinates of its variable extremity, the equa- 
tion to the involute can be found by the ordinary processes 
of elimination. 

For we have (Differential Caicidvs, Art. 331) 

dx 

dx _, ,^ ds 
X —X p dx* 
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where the accented letters refer to a point in a curve, and 
the unaccented letters to the corresponding point in the in- 
volute. Thus 

dx 
^ = ^' + P^ • ••••(^)- 

Similarly y = y + 9^ • (2). 

K then s is known in terms of x , or of y\ or of both, by- 
means of this relation and the known equation to the curve 

' we may find -p and -J'-, ; and p is known from the equation 

s' + p = I. It only remains then to eliminate x and y from 
(1) and (2) and the known equation to the curve ; we obtain 
thus an equation between x and y, which is the required 
equation to the involute. 

100. Application to the Catenary. 
The equation to the catenary is 

• 

c - ^ 

c " -^ 
and *'=o(6'' — 6"^)> 

supposing 5 measured from the point for which x*=0 and 
y' ^c\ we shall now find the equation to that involute to 
the catenary which begins at the point of the curve just 
specified. 



We have then 



dy* __ 8 ds y* 



, dy ^8 dx' ^c ^ 

as y d8 y ^ 

and p = «', no constant being required, because by supposition 
p vanishes with 5, 



05' 


sc 

y" 










y 


y' 


y"- 
y' 


«2 


~y" 
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Hence equations (1) and (2) of the preceding Article become 

X 

y 
And .'«v(y"-c«) = ^(^-c«) = ^V(c^-/); 

therefore — , = — ^ ; 

y 

thus aj = aj' — V(o' — y); therefore x' ^ tj{(? — y^)-k-x. 

We have then to substitute these values of x* and y in 
the equation to the catenary, and thus obtain the required 
relation between x and y. The substitution may be con- 
veniently performed in the following manner : 

c ^ y 

c - *' 
therefore V(y'* — c') = ^ {e^ — e"c) ; 

therefore y' + ^/(y'* - c*) = ce^ , 

therefore re' = c log ^ +^^^y''~^) . 

Thus finally, a; + V(c' - y") = c log ^"^^^^'""^ . 

This curve is called the tractory ; on account of the ra- 
dical, there are two values of x for every value of y less than 
c, these two values being numerically equal, but of opposite 
signs. There is a cusp at the point for which a? = and 
y = c ; and the axis of x is an asymptote. 

101. The polar formulse may also be used in like manner 
to determine the involute when the length of an arc of the 
evolute can be expressed in terms of the polar co-ordinates 
of its variable extremity. We have {Differential Calculus, 
Art. 332) 

r"=p' + r'-'2pp (1), 

y« = r^-/ , (2). . 
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Here, as before, the accented letters belong to the known 
curve, that is, to the e volute, and the unaccented letters to the 
required involute ; hence since the evolute is known, there is a 
known relation between p' and r . And / + p = Z, so that if 
8 can be expressed in terms of p' and / we may eliminate 
jp' and / by means of (1), (2),* and the known relation between 
p' and r'. Thus we obtain an equation connecting 'p and r, 
which serves to determine the involute. 

102. Application to the Equiangular Spiral. 

In this curve p' =^r sin a, where a is the constant angle of 
the spiral. If we suppose the involute to begin from the 
pole of the spiral, and / to be measured from that point, we 
have /9 = 5' = r seca (Art. 84»). Thus (1) of the preceding 
Article becomes 

r'^ — /« gee' a + r* — ^r'p sec a 

= r''sec'a + /"sin'a + p*— 2rp»eca, by (2). 

From this quadratic for p we obtain 

p — r' sec a « ± / cos a. 

If we take the upper sign we find p = — ^^ , and 

then from (2) we find r* = = r'". But this solution 

^ ^ cos a 

must be rejected, because from it we should find p or 

dr 1 + 3 cos' a , r . i . • • x x -xi. x-u 

r -T- = -n «— X r , which 13 inconsistent witn the 

dp cos a (1 + cos a) 

equation p = / sec a. 

n* sm OL 

If we take the lower sign we find p = — , and then 

° -^ cosa 

/2 • t 

r sin QL -m-m- 

from (2) we find r' = 5 — ; thus p = r sin a. Hence the 

^ ' cos a 

involute is an equiangular spiral with the same constant 

angle as the evolute has. 
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Intrinsic Equation to a Curve, 

103. Let 8 denote the length of an arc of a curve measured 
from some fixed point, <f> the inclination of the tangent at the 
variable extremity to the tangent at some fixed point of the 
curve; then the equation which determines the relatioa 
between s and <^ is called the intrinsic equation to the curve. 
In some investigations, especially those relating to involutes 
and evolutes, this method of determining a curve is simpler 
than the ordinary method of refening the curve to rectangular 
axes which are extrinsic lines. 

104. We will first shew how the intrinsic equation may 
be obtained from the ordinary equation. 

Suppose y=f{oci) the equation to a curve, the origia 
being a point on the curve, and the axis of y a tangent at 
that point ; from the given equation we have 

thus X is known in terms of tan (f>, say x^ F (tan ^) ; then 

dx 

^ = jP'(tan^)sec'^; 

also -7- = cosec ^ ; 

ds 
therefore 'TuT^^' (*^^ ^) ^®^* ^ cosec ^ ; 

from this equation s may be found in terms of <^ by integra- 
tion. A similar result will be obtained if at the origin the 
axis of X be the axis which we suppose to coincide with a 
tangent. 

105. Application to the Cycloid. 

By the Differential Calculus, Art. .358, we have 

^ _ // 2a — x\ _ 1 
dx" y \ X / tan^' 
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therefore — = . , , , a? = 2a sin* A, 

dx 

-TT = 4a sin ^ cos ^, 

-n = cosec 6 ^-r = 4a cos 6 ; 

therefore s = 4a sin ^ + (7. 

The constant will be zero if we suppose 8 measured from 
the fixed point where the first tangent is drawn, that is, from 
the vertex of the curve. 

106. Having given the intrinsic equation to deduce the 
ordinary equation. 

"We have ^ = sin ^ ; 

therefore x = I cfo.sin ^. 

Similarly y = | e& cos ^. 

Now 5 is by supposition known in terms of ^ ; thus by 
integration we may find x and y in terms of ^, and then by 
eliminating ^ we obtain the ordinary equation to the curve 
in terms of a? and y, 

107. Application to the Cycloid, 
Here « = 4asin^; 

thus . aj = 1 1& sin ^ = 4a I sin ^ cos ^d^^O — a cos 2^, 

y = |(fecos^ = 4a / cos* ^ cZ^ = (7' + 2a^ + a sin 2^. 

Hence by eliminating ^ we can obtain the ordinary equa- 
tion ; if the origin of the rectangular axes is the vertex of 
the curve, we shall have (7= a and (7' = 0. 
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108. We shall now give some miscellaneous examples of 
intrinsic equations. 

The intrinsic equation to the circle is obviously 8 = cuf). 
. 109. The equation to the catenary is 

the origin being on the curve. Hence 



dy^. ,= -rx c .r 



4(«'-^0. «=^(e^-«^'); 



da? 2^ - /> - 2 

thus if ^ be the angle which the tangent at any point makes 
with the tangent at the origin, 

8 = c tan <f>4 
110. We have seen in Art. 86, that for the epicycloid 

, cos ^ — cos — r— 

^ = -j--i tau <!> suppose, 

sm — J- — — sm 6 
o 

thus <^ = — ^j— 0* 

Again, from the same Article, 

a ^ 

46(a + i) a0^^ 

« ^^ ^co8si: + ^ 

a 2b 

if we suppose 8 measured from the point for which ^ « 0* 

Thus ,= *^^^±Sfi-cos-^,). 

a \ a+26/ 

We may simplify this result by putting 

. 7r(a + 2i) ^, , 46(a + 6) ' , 



•^ TV' r'- 
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this amounts to measuring the arc from a vertex instead of 

from a cusp. Thus 

, 4 J (a + J) . ad> 

8 = — ^ sm -^-XT t 

a a + 26' 

where the accent may now be dropped. 

111. Similarly the intrinsic equation to the hypocycloid 

may be written 

4sb (a — h) , ad> 
8 = — ^^ sm — ^ . 

112. It appears from the last two Articles that 8^lBmn<f> 
represents an epicycloid or hypocycloid, according as w is less 
or greater than unity. For example, if 

s = lsm^, 5 = Zsin^, 8 — lsm^, « = Zsinf , ... 

Z o ^ o 

6 1 3 

we have epicycloids in which - = «, 1, ^^ 2, ... 

If « = Zs)n2^, a = Zsin3^, « = Zsin4^, « = Zsin5^, ... 

& 1 1 3 2 

we have hypocycloids in which -=t> «> o> "S'*" 

113. If p be the radius of curvature of the curve at the 
point determined by 8 and ^, we have (Differential Calculus, 
Art 324) 

ds 

In the logarithmic spiral we know that p varies as s if the 
arc be measured from the pole ; thus 

, ds 

1 ds 
therefore ^~'"lZi ^^^ therefore by integration 

h^ 4- constant = Ic^ s ; 

therefore «»«ae**, 

T. I. c. 8 
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where a is a constant. If we put « = «' + a we have 

and now «' is measured from the point for which ^ = 0. 

114. If the intrinsic equation to a curve be known, that 
to the evolute can be found. 





Let AP be a curve, BQ the evolute ; let 8 be the length of 
an arc of AP measured from some fixed point up to P; s the 
length of an arc of BQ measured from some fixed point up 
to Q. It is evident that 6 is the same both for s and «', if in 
BQ Yfe measure <^ from JBA, which is perpendicular to the 
straight line from which (f> is measured in AP. 

In the left-hand figure ^' = P"'C^ = ;7T""C'. 

In the right-hand figure s'^G—p^C— -77 . 

Thus if 8 be known in terms of ^, we can find *' in terms 
of ^. The constant G is equal to the value of p at the 
point corresponding to that for which s = 0. 

« 

115. For example, in the cycloid « s= 4a sin ^ ; thus 

«' = (/ — 4a cos ^. 



s 
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Put ^ = ^ + - and « = <T + (7; thus 

cr = 4a sin yfr. 
This shews that the evolute is an equal cycloid. 

116. Similarly if the intrinsic equation to a curve bo 
known, that to the involute may be found. For by Art, 114 

therefore ^ = j (0 ±8) dcf). 

Thus if 9 be known in terms of ^, we can find s in terms 

of (f>. 

117. For example, in the circle 8'^a<l>. Thus 

If we suppose s to begin where ^ = we have C = 0, and 
further, if we suppose s to begin where the involute meets 

the circle we have (7 =* ; thus s = -^ . (See Differential 

Cakulus, Art. 333.) 

118. It is obvious that by the methods of Arts. 114 and 
116 we may find the evolute of the evolute of a curve, or the 
involute of the involute of a curve, and so on. 

119. The student may exercise himself in tracing curves 
from their intrinsic equations ; he will find it useful to take 
such a curve as the cycloid, the form of which is well known, 
and ascertain that the intrinsic equation does lead to that 
form ; he may then take some of the epicycloids or hypocy- 
cloids given in Art. 112. For further information on this 
subject, and for illustrative figures, the student is referred to 
two memoirs by Dr Whewell, published in the Cambridge 
Philosophical Transactions, Vol. viii. page 659, and Vol. ix. 
page 150. 

8—2 
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Curves of double Curvature. 

120. Let x,y,zhe the co-ordinates of a point on a curve 

in space; x + Ax, y + Ay, z + i^the co-ordinates of an 

adjacent point on the curve. Then it is known by the prin- 

ninlRH of ijolid geometry, that the length of the chord joining 

points ia V{{Aa!)'+ (Ay)"+ (is)*). Let s be the 

the arc of the curve measured from some fixed point 

/, z); and let s+Asbe the length of the arc measured 

same fixed point up to {x + Ax, ^+Ay, z + Az). 

assume that As bears to the chord joining the adja- 

ts a ratio which is ultimately equal to unity when 

d point moves along the curve up to the first point. 

limit of 

^l 

As * " 

, that is, of 



Hence 

the equations to the curve -^ and —r- may be es- 
Q terms of x, and then by integration s is known in 



With reaped to the assumption in the preceding 
the student is referred to Differential Calculus, 
', 308 ; he may also hereafter consult De Morgan's 
ial and Integral Calculus, page 444, and Homer- 
>x's Integral Caltntlva, page 95. 

Suppose, for example, that the curve is determined 
^nations 

y'^iaa (1), 

« = V(2ca;-a.^ + cverfl"'- (2), 
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SO that the curve is formed by the intersection of two cylin- 
ders, namely a cylinder which has its generating lines parallel 
to the axis of z, and which stands on the parabola in the 
plane of (a?, y) given by (1)^ and a cylinder which has its 
generating lines parallel to the axis of y, and which stands 
on the cycloid in the plane of (ar, z) given by (2). Then 

(dx 
therefore 8 = /sj(^c + a) I — = 2 tj{2c + a) »Jx. 

No constant is required if we measure the arc from the origin 
of co-ordinates. 

123. The formula given in Art. 120 may be changed into 

and in some cases these forms may be more convenient than 
that in Art. 120. 

124. Sometimes a curve in space is determined by three 
equations, which express a?, y, z respectively in terms of an 
auxiliary variable ; then by eliminating this variable, we may, 
if necessary, obtain two equations conniecting Xy y, and z^ and 
thus determine the curve in the ordinary way. Suppose then 
Xy y, z each a known function of t ; therefore 

dy dz 

dy ^dt J ^^ _ ^^ . 
dx~ll^* dx ^ ' 

a ~dt 
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Application to the Helix. 
curve may be determined by tbe equatioDs 
a; = a cos (, f/ = asiut, z = ct; 

« = V(o' + jdt = t'/(a' + if)+ O. 

When polar co-ordinates are used to determine the 
of a point in space, we have the following equations 
ig the rectangular and polar co-ordinates of any 

r sin 6 cos if>, if = rsm6 sin ^, e==r cos 0. 

a curve in space is determined by two equations 
X, y, and s, it may also be determined by two equa- 
:ween r, 6, and 0. Thus we may conceive r and 
known functions of 6, and therefore x, y, and z 
cnown functions of 6, 



p T^ — »■ Sin fl sm .^ -^ + r cos e cos 9, 
^ Ts + r sin 5 cos ^ T^ -H r cos ff sin 0, 



„dr 
^d0- 



'm-(M)<%)'< 



8 
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This may be transformed into 

or into -j^{'' {%)'■>■{%)' + ''^-»}d4>. 

127. If p be the perpendicular from the origin on the 
tangent to a curve in space, then the equation 

ds __ r 

which was proved for b, plane curve in Art. 85, will still 
hold. For each member of the equation expresses the secant 
of the angle which the tangent makes with the radius vector 
at the point of contact. 

Therefore . = f_Z^. 



EXAMPLES. 

1. For what values of m and n are the curves al^y^^x'^^'' 

rectifiahlei (See Art. 16.) 

71 71 1 . • 

Result If o~ ^r 9 — h Q is an integer. 

2. Shew that the length of the arc of a Tractory measured 

* from the cusp is determined by s == c log - . 

3. Shew that the Cissoid is rectifiable. 

4. Shew that the whole length of the curve whose equation 

is 4 [a? 4-y^) — a' = Za^y^ is equal to 6a. 

It may be shewn that ( 3- j = — 5-— a jr • 

L V^^/ 4^*(a^-y^)J 
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5. The length of the arc of the curve 

(a; +y)* — (x - y)* = a* 
between the limits {x^, y^ and (ic, y) is 

m 

6. !£ 8=i o^, find the relation between x and y. 

7. Shew that the intrinsic equation to the parabola is 

ds __ ia _- ^ 1 ^ "^ ®^^ ^ a sin <^ 

5^ " cos'* ^ ""2 °1 — sin<^ 1— sin* ^ * 

8. The intrinsic equation to the curve y^ = ax* is 

« = 2^(sec'^-l). 

9. Shew that the length of the arc of the evolute of a 

parabola from the cusp to the point where the evolute 
meets the parabola is 2a (3 \/3 — 1) ; where 4fa is the 
latus rectum of the parabola. 



10. The evolute of an epicycloid is an epicycloid, the radius 

of the fixed circle being ^ and the radius of the 

generating circle ^j . (Arts. 110 and 114.) 

11. Shew that if the equation to a curve be found by 

eliminating 6 between the equations 

a? = sin 0f' {0) + cos 6^" (0), 
and y = cos ^^' {0) - sin 0ir" {0), 

then 8^f{0) + ^lt''{0). 

12. Shew that the length of the curve 8a*y = x* + 6a^x* 

X s 

measured from the origin is -^-j (x^ + 4a')^. 

oU 
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Plane Areas, Rectangular Formulas. Single Integration. 
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128. Let DPE be a curve, of which the equation is 
y = (f> [x)y and suppose oc, y to be the co-ordinates of a point 
P. Let A denote the area included between the curve, the 
axis of Xy the ordinate PM, and some fixed ordinate DB^ such 
that OB is algebraically less than x ; then [Differential Cal- 
cuh», Art. 43) 

hence A= I (f>{x)dx. 

Let ^{x) + C be the integral of <^ (x); thus 

A=^f{oB) + a 

Let A^ denote the area when the variable ordinate is at a 
distance x^ from the axis of y, and let A^ denote the area when 
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the variable ordinate is at a distance x^ from the axis of y ; 
then 

therefore -4, - -4^ = i|r (ajj — -^ (a; J = | ^{x) dx. 

J Xx 

129. Application to the Circle. 

The equation to the circle referred to its centre as origin 
is ^ = a' — a?" ; here ^ (x) = V(^* "~ ^) > ^J^^s 

A^jif>[x)dx^h{a^^x')dx=^'^^^^^^^^ 

The constant (7 vanishes if we suppose the fixed ordinate 
to coincide with the axis of y. It will be seen by drawing a 
figure, that the area comprised between the axis of a?, the axis 
of y, the circle, and the ordinate at the distance x from the 
axis of y, may be divided into a triangle and a sector, the 
values of which are given by the first and second terms in the 
above expression for A, This remark may serve to assist the 
btudent in remembering the important integral 

JV(a*-a?)dr = ^5^^-2 ^+ ^ sin'-. 

130. Application to the Ellipse, 

Suppose it required to find the whole area of the ellipse. 

V 
The equation to the ellipse may be written y^ = -, (a*— x% 

a 

Hence the area of one quadrant of the ellipse 

U(^ <^U a 4: 

hence the area of the ellipse is ircA. 



irab 



131. Application to the Parabola, 

The equation to the parabola is y* = 4aa; ; here then 
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and / V(4jaa?)da; = — ^a;* + C7; 

thus with the notation of Art. 128 

If ajj = we have for the area —k— a?,^, that is, two-thirds 

o 

of the product of the abscissa a?, and the ordinate sj{iax^, 

132. Application to the Cycloid. 

The integration required by the formula I ydx becomes 

sometimes more easy if we express x and y in terms of a new 
variable. Thus, for example, in the cycloid we can put 
{Differential Calculus, Art. 358) 

05 = a (1 — cos 5), y = a{d-\- sin ff) ; 
therefore I ydx = c^\{d-\- sin ff) sin d dd 

= o'f^ sin ^ cW + 1* [ (1 - cos id) dd ; 

thisgives a«(-^cos^ + 8in^+^(^-^^. 

If we take this between the limits and ir for 0, we obtain 

the area of hdlf a cycloid ; the result is ^ -. Hence the 

area of the whole cycloid is equal to three times that of the 
generating circle. 

133. The equations to the companion to the cycloid are 

jc = a (1 — cos ^, y = a5 ; 

hence it may be shewn that the area of the whole curve is 
twice that of the generating circle. 

• 

134. If a curve be determined by the equation x = (f>{y), 
then the area contained between the curve, the axis of ^, and 
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straight lines drawn parallel to the axis of x at distances 
respectively equal to y^ and y^ is I ^ (y) dy. This is ob- 
vious after the proof of the similar proposition in Art. 128. 

135. The formulae in Arts. 128 and 134 furnish one of 
the most simple and important examples of the application of 
the Integral Calculus. As we have already remarked, the 
problem of determining the areas of curves was one of those 
which gave rise to the Integral Calculus, and the symbols 
used are very expressive of the process necessary for solving 
the problem. In the figure to Art. 7, the student will see 
that the rectangle PpNM may be appropriately denoted by 
y^x, and the process of finding the area of -4 i>jEff amounts 
to this; we first efifect the addition denoted by SyAa;, and 
then diminish Aa? indefinitely. 

136. Suppose we require the area contained between the 
curve 1/ = c sin - , the axis of x, and ordinates at the distances 

x^ and x^ respectively from the axis of y. We have 

{""^ . X J ( X. x\ 

c I sm -dx = ca{ cos — — cos — . 

Suppose then aj^ = and x^^air; the area is 2ca. Next 
suppose a?j = and x^=^ 2a7r ; the result 

ca cos — — cos — 
V ^ Gj/ 

becomes zero in this case, which, is obviously inadmissible, 
since the area must be some positive quantity. In fact sin - 
is negative from x^air to x= 2a7r, but in the proof that the 
area is equal to 1 ydx, it is supposed that y is positive. If 

y be really negative the area will be j (— y) dx* 
Thus in the present example the area will not be 

c sm - ax but c sm-dx + c \ — sin - dx, 
J% Cb Jo a Jaw \ cl) 
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that is, 



!| sm-aa?— CI sm-ax; 



this will give 2ca + 2ca, that is, 4ca, 



Plane A^reas. Mectangtdar FormuUe. Double Irdegration. 

137. In Art. 128 we have supplied a formula for finding 
the area of a curve ; that formula supposes the area to be the 
limit of a number of elemental areas, each element being a 
quantity of which yAx is the type. We shall now proceed to 
explain another mode of decomposing the required area into 
elemental areas. 
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Suppose we require the area included between the curves 
BPQE and hpqe, and the straight lines Bh and Ee. Let a 
series of straight lines be drawn parallel to the axis of y, and 
another series parallel to the axis of x. Let st represent one 
of the rectangles thus formed, and suppose x and y to be the 
co-ordinates of 8, and a; + Ax and y + Ay the co-ordinates of 
t] then the area of the rectangle at is AxAy, Hence the 
required area may be found by summing up all the values 
of Aa?Ay, and then proceeding to the limit obtained by sup- 
posing Ax and Ay to diminish indefinitely. 

We effect the required summation of such terms as AxAy 
in the following way: we first collect all the rectangles 
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similar to 8t which are contained in the strip PQqp, and 
we thus obtain the area of this strip; then we sum up all 
the strips similar to this strip which lie between Bb and 
Ee. The error we may make by neglecting the element of 
area which lies at the top and bottom of each strip, and 
which is not a complete rectangle, will disappear in the limit 
when Aa; and Ay are indefinitely diminished. 

Let y = ^{x) be the equation to the upper curve, and 
y = yff{x) the equation to the lower curve; let 0(7=cand 
(9-ff = h, then if A denote the required area, we have 

dxdy; 

if («) 

for the symbolical expression here given denotes the process 
which we have just stated in words. 

Now I eZy = y, therefore I ay = c^ (a;) — -^ (x) ; thus we 
have 

-4 = 1 {^ (a?) — -^ (x)] dx. 

In this form we can at once see the truth of the expression, 
for <l>(x)^'>Jr (x) =^PL — pL^Pp', thus {^ {x) —y(r (x)} Aaj may 
be taken for the area of the strip PQqp, and the formula asserts 
that A is equal to the limit of the sum of such strips. 

The straight lines in the figure are not necessarily equi- 
distant : that is, the elements of which AacAy is the type 
are not necessarily all of the same area, 

138. The result of the preceding Article is, that the area 
A is found from the equation 

A==j\(l>(x)^ir{x)]dx. 

This result may be obtained in a very simple manner as 
shewn in the latter part of the preceding Article, so that it 
was not absolutely necessary to introduce the formula of 
double integration. We have however drawn attention to 
the formula 

vl 3S I / dxdv 



AREAS OF PLANE CURVES AND OF SURFACES. 127 

because of the illustration "which is here given of the process 
of double integration; the student may thus find it easier to 
apply the processes of double integration to those cases where 
it is absolutely necessary, of which examples will occur here- 
after, 

139. If the area which is to be evaluated is bounded 
by the curves a? = >|'*(y), and aj = <^(y), and straight lines 
parallel to the axis of x at distances respectively equal to c 
and A, we have in a similar manner 

'h r* iv) 

Some examples of the formulae of Arts. 137 and 139 will 
now be considered ; we shall see that either of these formulae 
may be used in an example, though generally one will be 
more simple than the other. 



dj,dx= {^ (y) - 1 (y)} %. 

P(y) J c 



140. Required the area included between the parabola 
if^^ax and the circle y' = 2ax — a?'. 

The curves pass through the origin and meet at the point 
for which x^a; thus if we take only that area which lies 
on the positive side of the axis of x, we have 

-4=1 {Aj{2ax — a^ ^Aj(ax)]dx = — ^. 

Jo 4 o 



The whole area will therefore be 2 






Suppose that we wish in this example to integrate with 
respect to x first. From the equation y' = 2aa; — x^ we deduce 
a; = a±V(a'— ^> and it will appear at once from a figure 
that we must take the lower sign in the present question. 

Thus let a?! stand for a — ^/{a^ — y*), and x^ for ^ , then 



a 



A =\'Tdy dx =1" ||- a + V(a' -y*)^ dy 
a' , . ira* ira* 2a* , - 
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The reader should draw the figure and pay close attention 
to the Umits of the integrations. 

141. In the accompanying figure 8 is the centre of a 
circle BLD, and S is also the focus of a parabola ALC; we 




shall indicate the integrations that should be performed in 
order to dbtain the areas ALS and LDG. This example is 
introduced for the purpose of illustrating the processes of 
double integration, and not for any interest in the results: 
the areas can be easily ascertained by means of formulae 
already given; thus ALB is the difiference of the parabolic 
area ALS and the quadrant SLB\ and similarly LDG is 
known. 

Take 8 for origin. In finding the area ALB it will be 
convenient to suppose the positive direction of the axis of x 
to be that towards the left hand; thus if 4a be the latus 
rectum of the parabola, and therefore 2a the radius of the 
circle, the equation to the parabola is y^^4^a {a—x), and the 
equation to the circle is y^ = 4a' — a^. 

Suppose we integrate with respect to x first, then 



area ALB 



where 



x^ = a 






For here (x^ — ajj Ay represents a strip included between the 
two curves and two straight lines parallel to the axis of x; and 
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strips are situated at distances from the axis of x ranging 
between and 2a, so that the integration with respect to y is 
taken between the limits and 2a. 

Suppose we integrate with respect to y first; we shall then 
have to divide the area into two parts by the straight line AF. 
Let 

y^ = V(4a' - 4tax\ y, = V(*a' - ^ ; 
then area-4Xi^=l I dxdy^\ (y^^y^dx; 

J •/ y 1 •'0 

BxeB,AFB=i\ I dxdy^j y^dx; 

J a Jo J a 

the sum of these two parts expresses the area ALB. 

Next take the area LDC ; suppose now the positive direc- 
tion of the axis of a? to be that towards the right hand, then 
the equation to the pambola is t^^4sa{a + x), and the equa- 
tion to the circle is ^ = 4a" — or. 

Suppose we integrate with respect to y first ; let 

y^ — V(4a* — aO and y, = V(4a' + 4a^), 

then' V,areajDZ(7=| I dwdy. 

Jo Jyi 

Suppose we integrate with respect to x first ; we shall then 
have to divide the area into two parts by the straight line LK, 
Let 

then we shall find that DC= 2aV3 — & suppose ; thus 

area DLK 



= / dydx, 

J J Xi 

area CLK^i I dydx; 

J2aJ X. 



•6 ria 
2aJ Xf 

the sum. of these two parts expresses the area LDG. 

T.LC. 
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142. One case in which the formulae of Arts. 137 and 139 
are useful is that in which the bounding curves are diiferent 
branches of the same curve. Suppose the equation to a curve 
to be (y — WW? — c)* = a^ — a?*; thus 

yzs mx + c± is/{d^ — x^. 

Here we may put 

-^ (a?) =i ma; + c — V(a' — a?*), 

4^{x) =?na; + c + V(«**-a^) ; 

thus ^(a?)— -^(a;) =2iv/(a* — a:?"), and the complete area of 
the curve is 



/2\/(a* — a;')cZr, that is, Tra*. 



143. We have hitherto supposed the axes rectangular^ 
but if they are oblique and inclined at an angle cd, the for- 
mula in Art. 128 becomes 



-4 = sin 



a> 



I j>{x)dx, 



and a similar change is made in all the other formulae. It is 
obvious that such elements of area as are denoted by yAas 
and AyAa; when the axes are rectangular will be denoted by 
sin Q> i/Aa; and sin a> Ay Ao; when the axes are inclined at an 
angle g>. 

For example, the equation to the parabola is y'=4a'a? when 
the axes are the oblique system formed by a diameter and 
the tangent at its extremity ; hence the area included be- 
tween the curve, the axis of a?, and an ordinate at the point 
for which a? = c, is 

I f f t t \ t ^ OXUL W IKJ Ut C 

sm 



f^ ifA t \ J 4 sin ft) \/ac* 
;mft)( tj[^ax)dx^ ^ , 

JO o 



that is, two thirds of the parallelogram which has the abscissa 
c and the ordinate at its extremity for adjacent sides. 
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144. Let OPQ be a curve, of which the polar equi 
r = ^ (^, and suppoae r, B to be the co-ordinates of a p 
Let A denote the area included between the curve, the 
vector BP, and the radius vector BC drawn to som 
point G, such that the angle C8x is algebraically less 1 
then {Differential Calculus, Art. 313) 

. ' dA_ {4,(ff)Y 



= hjms)Yde. 



Let ^C^) be the integral of i^^, then 

A = ^|r{8)+G. 

Let A^ denote the area when the variable radius v 

at an angular distance ^, from the initial straight lii 
let A^ denote the area when the variable radius vect 
an angular distance S, from the initial straight line ; ■ 

A=t(^.)+c, A,=ir{e;) + c, 

therefore A" A = 'f W — ^W =i/'^{*WJ'<^^- 
145. Application to the Equiangular Spiral. 

In this curve r = he'; thus 
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and 






where r^ and r, are the extreme radii vectores of the area 
considered. 



146. Application to the Parabola, 
Let the focus be the pole, then 



a ., A o, c dO 
r= ' thus -4 = -^- 

cos«2 



a^ [ d9 
J^' 2 



= |Y(l+tan'|)sec'|ci^ = a«tan| + |'tan'| + a 
Hence A-A = «*(tan|-tan|) + |'(tan'|-tan»|). 
Suppose that tfj = and ^,= « , then we obtain for the 



« . 4a» 



area a* + -« , that is, -^; this agrees with Art. 131. 

For another example we will suppose the pai*abola refer- 
red to the intersection of the directrix and the axis as pole, 
the axis being the initial straight line. Here 

Q^ cos e - V(cos 26) 

r = za . s a > 

sm 

A o jfcos'^ + cos 2d - 2 cos tf V(cos iff) ,>, 

thus A = 2a'| T-TTi ^^-^^ ad 

J sm 6/ 

J 8m*fl j sm*d 



AREAS OF PLANE CURVES AN1> OF StJEFACES. 133 

Now / ^ """"w /"' ^ ^^ '"/^^ ^^' ^^^^ "^^^""^ ^^^ 

«-.|oot'^ + cotA 
A A f cos g V( cos 2g)' d6 _ f 's/jl - 2 ein' 0) d sin g 

1 • . 

assume sin ^ — - , then the integral becomes 

- [V(^- 2) tdt, that is, - J (^- 2)i 
Hence, adding the constant, we have 

^=:^'(cosec«g-2)*-^cot»5-f2a'cotg-f C 
«* ^ /,.*«* (cos 2^* - cos" ^ ^ 

The constant will be zero if A commences from the initial 
straight line ; for it will be found on investigation that 

2 cot -i-^- T-TTi vanishes when ^ = 0. 

o sm u 

147. ApplicaUon to the curve r = a (^ + sin 5). Here 
A^^U0^Bm0fd0^^U0'^-i0sm0 + Qm^0)d0', 
and lgsingf?d = — g cos g + sing 

thus ^ = |''j|-2^costf + 2sin^ + |-5^l + a 

Suppose we require the area of the smallest portion ■which 
is hounded by the. curve and by a radius vector which is 
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inclined to the initial straight line at a right angle ; then we 
have and ^ir as the limits of the integration. Thus the 
required area is 



Plow Curves. Polar Forrmdce. Double Iiitegration. 

148. In Art. 144 we have obtained a formula for finding 
the area of a curve ; that formula supposes the area to be the 
limit of a number of elemental areas, each element being a 
quantity of which Jr*A5 is the type. We shall now proceed 
to explain another mode of decomp(»iDg the required area 
into elemental areas. 



Suppose we require the area included between the currea 
BPQE and hpqe, and the straight lines Bb and Ee. Let a 
series of radii vectores be drawn from 0, and a series of circles 
with as centre ; thus the plane area is divided into a series 
of curvilinear quadrilaterals. Let st i-epresent one of these 
elements, and suppose r and ^ to be the polar co-ordinates of 
8, and r + Ar and 6-\-i^d the polar co-ordinates of ( ; then the 
area of the element at will be ultimately rAflAr. Hence the 
required area is to be found by summing up all the values of 
rA^Ar, and then proceeding to the limit obtained by sup- 
posing A5 and Ar to dimini^ indefinitely. 
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We effect the required summation of such terms as r^OLr 
in the following way : we first collect all the elements similar 
to 8t which are contained in the strip PQqp, and thus obtain 
the area of the strip ; then we sum up all the strips similar 
to this strip which Ue between Bb and Ee. 

Let r = ^ (d) be the equation to the curve BPQE and 
r = ylr{0) the equation to the curve bpqe, let a and fi be the 
angles which OB and OJS make respectively with Ox ; and 
let A denote the required area, then 

A = \ rd0dr; 

for the symbolical expression here given denotes the process 
which we have just stated in words. 

f ^ 

Now I rdr = -^ , therefore 






thus we have 



J a 

In this form we can see at once the truth of the expres-. 
sion, for OP = (j> {6) and Op = '>^ (6), and thus 

may be taken for the area of the strip PQqp, and the formula 
asserts that the area A is equal to the limit of the sum of 
such strips. 

149. The remark made in Art. 138 inay be repeated 
here ; we have introduced the process in the former part of 
the preceding Article, not because double integration is 
absolutely necessary for finding the area of a curve, but 
because the process of finding the area of a curve illustrates 
double integration. 

150. If the area which is to be evaluated is bounded by 
the curves whose equations are 0^^{r), 0='>^{r) respectively. 
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and by the circles whose equations are r^a and r = 5 re- 
spectively, it will be convenient to integrate with respect to 
6 first. In this case, instead of first summing up all the 
elements like si, which form the strip PQqp^ we first sum up 
all the elements similar to at which are included between the 
two circles which bound st and the curves determined by 
=s ^ (r) and ^ = -^ (r). Thus we have 



A 






rdr d6. 



Some examples of the formulae in Arts. 148 and 150 wiU 
now be considered ; we shall see that either of these formulae 
may be used in an example, although one may be more con- 
venient than the other. 

151. We will apply the formulae to find the area between 
the two semicircles OPB and Oph and the straight line hB. 




Let Oh = c, 05= A, then the equation to OPB is r = A cos ^, 
and the equation to Oph is r = c cos 6. Thus the area 



-// 

Jo J I 



n 

8 rh coso 



rdO dr. 



J cooaB 



Now 



thus the area 



/ rdr = KA'-c") cos" ^; 

n 

Jo 



8 



Suppose we wish to integrate with respect to first ; we 
shall then have to divide the area into two parts by describing 
an arc of a circle from as centre, with Radius Ob* The 
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area bounded by this arc, the straight line Bb, and the larger 
semicircle is 

rdr d6. 



fS 



The area bounded by the aforesaid arc, the semicircle Oph, 
and the larger semicircle is 






rdrdO. 

c 

The sum of th^se two parts expresses the required area. 

152. Let us apply polar formulae to the example in 
Art. 141, With 8 as pole, the polar equation to the parabola 

is r (1 + cos 0) =^2a or r cos* s = ^> where is measured from 

SB; and the polar equation to the circle is r = 2a. Hence, 
if we integi-ate with respect to r first. 



n2a 
^Td0dr. 



If we integrate with respect to first, we shall have if 



^ _i 2a — r 

^, = cos 

1 r 



area ALB = / I rdr d0. 

Ja Jo 



Next consider the area DLC. The equation to DO ia 
rcostfss — 2a; the length of ^(7 is 4a, and the angle BSG 
is -^. Let 0^ = cos"^ a-^r ^ ^^ _ ^^^_i /- — \ ^ rpj^^^^ ^ 

we integrate with respect to first, 

vareai?i(7=/ I rdrd0. 



J 2a J 01 



K we integrate with respect to r first, we shall have to 
divide the area into two parts, by the straight line joining S 
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with C, The area of the portion which has LG for one of its 
boundaries is 



2ir .9 



2 



rdO dr. 



The area of the remaining portion is 






rdddr. 



2irJ2a 



The sum of these two parts expresses the required area. 

153. A good example is supplied by the problem of find- 
ing the area included between two radii vectores and two 
different branches of the same polar curve. 



t ■ 




Suppose BI)[>bf GQqc to be two different arcs of a spiral, 
and that the area is to be evaluated which is bounded by 
these arcs and the straight lines B G and he ; then the area is 



h\{<-K)dB. 
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where r, denotes any radius vector of the exterior arc, as 8Q, 
and r, the corresponding radius vector SP of the interior arc. 
The limits of will be given by the angles which SB and 
Sb respectively make with the initial straight line. 

Take for example the spiral of Archimedes ; let $ be the 
whole angle which the radius vector has revolved through 
from the initial straight line until it takes the position SF ; 
so that 9 may be an angle of any magnitude. From the 
nature of the curve we have 8P or r = ad, where a is some 
constant. If then CQ is the next branch to BP, and still 
corresponds to 8P, we shall have SQ = a (^ + Stt). Suppose 
0^ and 0^ the values of for SB and Sb respectively ; thus 
the area BbcG 



^^jj{{0 + 2,ry--0']d0 



a« 



164. The student will remark a certain difference be- 
tween the formulae jldxdy and llrd0dr, which express the 

area of a plane figure. The former supposes the area decom- 
posed into a number of rectangles and Ax Ay represents the 
true area of one rectangle. Hence in taking the aggregate of 
these rectangles to represent the required area the only error 
that can arise is owing to the neglect of the irregular ele- 
ments which occur at the top and bottom of each strip ; as 
we have already remarked in Art. 137. But in the second 
case rA0Ar is not the accurate valite of the area of one of 
the elements, so that an error is made in the case of every 
element. It is therefore important to shew formally that the 
error disappears in the limit, which may be done as follows. 
The element st in the figure of Art. 148 is the difference of 
two circular sectors, and its exact area is 

that is, r Ar A^ + ^ (Ar)' A^. . 
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In taking the former term to represent the area we neglect 
i(Ar)*A^. Hence the ratio of the term neglected to the 
term retained 

rArAd 2r * 

By taking Ar small enough this ratio may be made as small 
as we please. Hence we may infer that the sum of the 
neglected terms will ultimately vanish in comparison with 
the sum of the terms retained, that is, all error disappears in 
the limit. 



Other Polar Formvice. 

155. Let 8 be the length of the arc of a curve measured 
from some fixed point up to the point whose co-ordinates are 
r and 0; let p be the perpendicular from the origin on the 
tangent at the latter point ; then the sine of the angle between 

this tangent and the corresponding radius vector is r -r- (Dif- 
ferential Calcvlus, Art. 310) ; also - is another expression for 

T 

this sine : hence, r-r = -• Let A denote the area between 

da r 

the curve and certain limiting radii vectores ; then 

the limits of 5 in the latter integral must be such as corre- 
spond to the limiting radii vectores of the area considered. 

The result can be illustrated geometrically ; suppose P, Q 
adjacent points on a curve, 8 the pole, p' the perpendicular 
from 8 on the chord PQ ; then, the area of the triangle PQ8 

^ ^p' X chord PQ. 

Now suppose Q to approach indefinitely near to P, then 
p=Py and the limit of the ratio of the chord PQ to the 
arc pQ is unity. 
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Since jpds ^jp ^ dr = J-^^^ (Art, 85), 

we have A^^l-r^ — 5^. 

156. Application to the Epicycloid. 
Here p' = — K 5-^; thus 

A-\ f c '^(^ -<^') rdr c^ f ^/{j* - g*) rdr 



Now 



JV(c»-a''-a») iV(c'-a*-^'''' + ^'^ " ^ j V(c" - «* - «*) 

= ('^-«')/v(CT:?)-/v(o'-a'-^cfe 

2 "^ Vic*-"*) 2 • 

Taking this between the limits r = a and r = c,yfQ get 

9 3 

— ^ — ^ , that is, 'b{fi,'\''b) tt. Hence the area is — & (a + J) tt, 

that is, *-^ —^ By doubling this result we obtain 

the area between the curve and the radii vectores drawn to 

two consecutive cusps, which is therefore ^ ■- — ^^ — . 

The area of the circular sector which forms part of this area 
is itah ; subtract the latter and we obtain the area between 
an arc of the epicycloid extending from one cusp to the next 
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cusp and the fixed circle oh which the generating circle rolls ; 
the result is 

— (3a + 2 J), 

Similarly in the hypocycloid the area between the fixed 
circle and the part of the curve which extends bietween two 
consecutive cusps may be found. If a is greater than b the 
result is 

— (3a - 2b). 



Area between a Curve and its Evolute. 

157. In the figures to Art. 114, if we suppose the string 
or straight line FQ to move through a small angle A^, the 
figure between the two positions of the stiuight Une and the 
curve AP may be considered ultimately as a sector of a circle ; 
its area will therefore be \ /o*A<^, where p = PQ, Thus if A 
denote the whole area bounded by the cui*ve, its evolute, and 
two radii of curvature corresponding to the values ^^ and ^^ 
of <^, we have 

A 



Since -^ = -r , we may also write this 

A^l^pds, 

the limits of « being properly taken so as to correspond with 
the known limits of ^. Or we may write the formula thus, 

158. Application to the Catenary. 
Here « = c tan ^, Art. 109 ; 

therefore /o«csec'^, -4«=il c'sec*^c?^; 

J 4>i 



ABEAS OP PLAKE CtmVES AlJB OP SUBPACES. 143 

and I sec*^^ = tan^4-Jtan'^-|-(7; 

thus ^ is known. 



Area of a Pedal Cutve. 

, 159. Suppose that perpendiculars are drawn from one 
and the same point in the plane of a curve on all the tangents 
to the curve; the locus of the feet of the perpendiculars is 
called a pedal curve, the point from which the perpendiculars 
are drawn is called a pedal origin, and the curve from which 
the pedal curve is derived is called the primitive curve. 

* We have already had occasion in Arts. 90... 93 to notice 
some relations between the primitive curve and a pedal 
curve : we shall now give a proposition respecting the areas 
of the various pedal curves which can be formed from the 
same primitive curve by varying the pedal origin. 

By the area of a pedal curve is meant the area described 
By the perpendicular as the point of contact describes a given 
arc of the primitive curve. 

160. The origins of pedals of a given area lie on a conic 
section ; and the conic section has the same centre whatever be 
the given area. 

Let A denote the area corresponding to a certain pedal 
origin 0; let A' denote the area corresponding to another 
pedal origin 0'\ let r and 6 be the polar co-ordinates of (/ 
with respect to 0. Let p denote the length of the perpendi- 
cular from on any tangent to the primitive curve ; let p' 
denote the length of the perpendicular from O on the same 
tangent. Let ^ be the angle between these perpendiculars 
and the fixed initial line. Then, as in Art 157, 

A = ijjfd<f>, A' = isjp'*d<f>; 

the integrations are to be taken between fixed limits. 
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Now ^' = j) — r COS (^ — ^ ; therefore 

Let x^rcosO, y^rsihd; then 

A' =^ A- {hx + hy) +h? + 2mxy + 111/* (2), 

where h, k, I, m, n are certain quantities which remain con- 
stant for every position of 0'. 

Now (2) shews that the locus of (a?, y) for a given value of 
^' is a conic section ; and that the conic sections obtained by 
assigning different values to A' are concentric. 

The conic section is in general an ellipse. For, by putting 
for ?, m, n their values, we have 

4 (m"— In) = \ jsin<f> cos <f>d([>[ — i |cos*<^d^[ x ] /sin'^i!^|-, 

and it may be shewn that the expression on the right-hand 
side is negative ; see Example 21, at the end of Chapter rv. 
Hence by Chapter xiii. of the Plane Co-ordinate Oeometry, 
the conic section is an ellipse. 

If the conic section were referred to its centre as origin, 
the terms of the first degree in x and y would disappear from 
the equation (2) ; thus we see indirectly that there must be 
some pedal origin for which A = and A: = 0. Suppose this 
origin taken for 0, then we have from (1), 



A':=^A + iJ7^co8\<f>^e)d(f>; 



as the second term on the right-hand side is positive, A' is 
necessarily greater than A, so that the origin is that which 
makes the pedal area least. 

In the particular case in which the primitive curve is a 
closed curve the conic section becomes a circle. For the 
limits of <f> may then be supposed to be and 27r ; and thus 
we have Z = n and w =• 0. 
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We may just advert to the effect of the existence of 
singular points on the primitive curve. In this case it may 
happen that <f> does not always increase from the lower limit 
of the integrations to the upper limit, but sometimes increases 
and sometimes decreases. Suppose now, for example, that ^ 

1 ... 11 

first increases from to ^tt, then diminishes from ■^'H' io-jir, 

and then increases from j tt to ^ tt. The values of A, A?, ?, m, 

n will then be the same as if had always increased from 

to - TT. The area of that part of the pedal curve traced out 
J* 

as ^ decreases from ^tt to jtt will count as a negative 

quantity. 

A memoir by Professor Hirst on the Volumes of Pedal 
Surfaces will be found in the Philosophical Transactions for 
1863. 



Area of Surfaces of devolution. Rectangular Formulce. 




161. Let -4 be a fixed point in the curve APQ ; let a?, t/ 
be the co-ordinates of any point P, and s the length of the 
arc AP. Suppose the curve to revolve roimd the axis of a?, 
and let S denote the area of the surface formed by the revolu- 
tion of AP ; then {Differential Calculus, Art. 315) 



dS ^ 



T. I. C. 



la 
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therefore 



8=(2iryda (1) ; 

thus S=J2iri,^dx (2), 

and S=J2iry-^dy (3). 

Of these three forms we can choose in any particular ex- 
ample that which is most convenient. If v can be easily 

expressed in terms of s we may use (1) ; if -j- can b6 easily 

ay 

expressed in terms of y we may use (3) ; generally however 

it will be most convenient to express y and -^ in terms of x 

and use (2), 

In each case the area of the surface generated by the arc 
of the curve which lies between assigned points will be found 
by integrating between appropriate limits. 

162. Application to the Cylinder. 

Suppose a straight line parallel to the axis of x to revolve 
round the axis of x, thus generating a right circula-r cylinder : 
let a be the distance of the revolving straight line from the 
axis of X ; 

then y = «> and -r- = 1 ; 

thus by equation (2) of Art. 161, 

iS = 27r / adx ^ ^irax + C. 

Suppose the abscissae of the extreme points of the portion 
of the straight line which revolves to be x^ and a?, ; then the 
surface generated 



= 27ra I dx = 27ra (aj, — a?J. 
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163. Application to the Gone. 

Let a straight line which passes through the origin and is 
inclined to the axis of a; at an angle a revolve round the axis 
of X, and thus generate a conical surface. Then 

y = ajtana, and -r- =seca; 

thus by equation (2) of Art. 161, 

S==27r I tan a&ecaxdx = ir tan a secaa? + C. 

Hence the surface of the frustum of a cone cut off by planes 
perpendicular to its axis at distances a?^, x^ respectively from 
the vertex is 

w tan a sec a {x^ — 0?^*). 

Suppose a?j = 0, and let r be the radius of the section made 
by the plane at the distance a?^? then rs=a?,tana, and the 



area is 



wcosecar*. 



164. Application to the Sphere. 

Let the circle given by the equation 7^ = a* — a? revolve 
round the axis of x ; here 

dy ^ X 
da; ~" y ' 

Hence by equation (2) of Art. 161, 

S^2ir\y-dx=^ 27ra jdx = 27rax + C. 

Thus the surface included between the planes determined by 
aj=ajj and x=^x^is 27ra{x^ — x^. 

Hence the area of a zone of a sphere depends only on the 
height of the zone and the radius of the sphere, and is equal 

10—2 
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to the area which the planes that bound it would cut x)ff from 
a cylinder having its axis perpendicular to the planes and 
circumscribing the sphere; and thus the surface of the whole 
sphere is 47ra*. These results are very important. 

165. Application to the Prolate Spheroid. 

Let the ellipse given by a'y' + 6V = a*i* revolve round the 
axis of X which is supposed to coincide with the major axis 
of the ellipse ; here 

dy _ b^x 

dx "" a'y ' 

, da It^ ^ iV\ ls/(a^-'e^x^ 

^^ d^=v(^+^')^ ay ' 

Hence by equation (2) of Art. 161, 



-1^{V(?-^)-?"--?)- 



The surface generated by the revolution of a quadrant of 
the ellipse will be obtained by taking and a as the limits of 
x in the integration. This gives 

7raj|v(l-6*)+^l. 

166. For another example suppose the catenary 

to revolve round the axis of x. Here 5 = ^f/— e *^j, by 

Art. 73, if we measure from the point for which a; = 0. Thus 
we see that y^ = s* + c^ In this case we shall find that we 
can use any of the three formulae in Art. 161 ; but (2) will 
be the most convenient. 

167. Suppose one curve to have fgl: its equation y = ^(a;), 
and another curve to have for its equation y = '^(a;), and let 
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both curves revolve round the axis of a?. Let s^ and 8^ denote 
the lengths of arcs measured from fix^d points in the two 
curves up to the point whose abscissa is a?. Let 8 denote the 
sumi of the areas of both surfaces intercepted between two 
planes perpendicular to the axis of oc at the distances x^ 
and x^ respectively from the origin. Then, by Art. 161, 

For a simple case suppose that there is a curve which is 
bisected by the straight line y = a, so that we may put 
y^a + xi^) f*or the upper branch and y = a — % (a;) for the 
lower branch. Hence 

dx" dx* 

and 8= itira \ -^dx^ iira I ds^, 

the limits for s^ being taken so as to correspond with the 
assigned limits of a;. ' 

Hence, if there be any complete curve which is bisected 
by a straight line and made to revolve round an axis which is 
parallel to this straight line at a distance a from it and which 
does not cut the curve, the area of the whole surface gene- 
rated is equal to the length of the curve multiplied by 2'ira. 

For example, take the circle given by the equation 

Here the area of the whole surface generated by the revolu- 
tion of the circle round the axis of x will be 27rk x 27rc. 

There is no difficulty in this example in obtaining sepa- 
rately the two portions of the surface. For the part above 

the straight line y = A^ we have 27r I yds, that is, 

27rJ[A? + V{c'-(a;-A)*}](&, 

that is, 2ir j kd8 + 2T j ^{c^'-^fc-hyids. 
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The former of these integrals is 2irks ; the latter is equal to 

which will reduce to 27r I cdx, that is, 27rca?. Hence the sur- 
face required is found by taking the expression 2'7rles + 27rca? 
between proper limits. 

Area of Surfaces of Revolution. Polar Formulce, 

168. It may be sometimes convenient to use polar co- 
ordinates; thus from Art. 161 we deduce 

8^J27ryd8=-J27rt/^d9=J27rrsm0^dd, 



where 



%-^Hm- 



169. Applicaticm to the Cardioide. 

Here r = a (1 + cos ^ ; thus 

ds 

— = aV{(l+cos^)»H-sin*^} = aV(24 2cos^) = 2acos2; 



therefore 



^ .:^ zi ^zi _ 1 c « f 4 ^ «• ^ 



8 = 4nra^ 1 (1 + cos ^ cos ^ sin ^ rf^ = 1 67ra' I cos* | sin ~ dO 

327ra' , 6 ^ 
= ^— cos"- + 01 

The surface formed by the revolution of the complete curve 
about the initial straight line will be obtained by taking 

327ra 
and'TT as the limits of in the integral. This gives — = — . 



170. 

surface: 



jacent pi 
of {X, z), 
q draw a 
to that G 
of the c\ 
the plan 
tangent 
of {x, y) 
that 



the suif 
geometr 
which F 
that the 
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values of x and t/ comprised between assigned limits is the 
area of the surface corresponding to those limits. Let then S 
denote this surface ; thus 

the limits of the integrations being dependent upon the 
portion of the surface considered. 

171. With respect to the assumption in the preceding 
Article, the reader is referred to the remarks on a similar 
point in the Differential Calcultis, Art. 308 ; he may also here- 
after consult De Morgan's Differential and Integral Calculus, 
page 444, and Homersham Cox's Integral Calculus, page 96. 

172. Application to the Sphere. 

Let it be required to find the area of the eighth part of 
the surface of the sphere given by the equation 



Here — - ^ = -^- 

dx z' dy z ' 

Now in the figure we suppose OL^x; put y, for LI, 
then y^ = V(^' "" ^'*)> for the value of y^ is obtained from the 
equation to the surface by supposing z = 0. If we integrate 
with respect to y between the limits and y^, we sum up all 
the elements comprised in a strijp of which LMml is the pro- 
jection on the plane of {x, y). Now 

pi dy _ fy ^ dy _w 

Jo ^{a'-a?^f)'']o V(y7^"2 ^ 



thus 8 



= t/^' 



If we integrate with respect to x from to a, we sum up 
all the strips comprised in the surface of which OAB is thfi 
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s 

projection. Thus -^ is the required result ; and therefore 
the whole surface of the sphere is 47ra^ 

If we integrate with respect to x first, we shall have 



c — f * P ' ^ dy dx 



where x^ = ^/(a^-'y^). 

As another example let it be required to find the area of 
that part of the surface given by the equation 

-2* + (aj cos a H- y sin a)*— a' = 0, 

which is situated in the positive compartment of co-ordinates. 
This surface is a right circular cylinder, having for its axis 
the straight line determined hj z = 0, x cos a + y sin a = Oj 
and a is the radius of a circular section of it. Here 

dz _ cos a {x cos a + jy sin a) 

dx z ' ' 

dz __ sin a (a? cos a + y sin a) 
di/" z ' 

thus 8 = {{ ^^^y = {{ adxdy 

J J z J J »J[a^ — (a; cos a + y sin a)''} ' 

The co-ordinate plane of (a;, y) cuts the surface in the 
straight lines a = '±{x cos OL + y sin a), and if the upper sign 
be taken, we have a straight line lying in the positive quad- 
rant of the plane of {x, y). 

To*obtain the value of 8 we integrate first with respect to 
y between the limits y = and y = (a — a? cos a) cosec a ; now 

/dy 1 . .. a;cosa4- ysina 
ii s-s — — QXJX '" • 
A/{a^ — {xco8a + ysmay} sin a . a * 

take this between the assigned limits, and we obtain 



1 fir . _i a; cos a\ • 

- — ^ - sm ' ; 

sm a \2 a J 
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dx, 



therefore 8= - — 4^- - sin ^ 

sin a J (2 a ^ 

and the limits of the integration are and . Hence we 

cos a 

shall find 



^2 



Sin a cos oe 



173. It is worthy of notice that two diflferent surfaces 
may have their corresponding elements of area equal. Take 
for example the surfaces determined by 2a0 = a;' + y^ and 
hj az = xy\ in each case 

\dx) \dy) "" a" * 

Euler has discussed this matter in a Memoir entitled 
Evolutio insignis paradoad circa (Bqualitatem superfiderum. 
Novi Comm. Acad. Petrop, Tom. xiv. Pars prior. He calls 
two such surfaces superficies congruentes. 

The following surfaces are congruent: 

the cone {z — c)* = [{x -- a)' + (y — Vf] tan' 7, 
and the plane x cos a + y cos j8 + ^ cos y=p. 

, Again, the surfaces determined by the following equations 
are congruent : 

2az = a?-{-y^, 

2az = (ar» - y) c + 2xy V(l - 0, 

2az = { (aj» + yy - 4% + 2c {x^ - 2^*) + 5' + c""} \ 

2az ={a?- y") cos 6 + 2xy sin O-l^ {&) d0, 

where 6 (6) is any function of 0, and 5 is a function of x and 
y determined by 

2xy Qo^e^{x^"f) sin 5 = ^ (^. 

174. Instead of taking the element of the tangent plane 
at any point of a surface, so that its projection shall be the 
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rectangle Aa;Ay, it may be in some cases more convenient to 
take it so that its projection shall be the polar element rA^Ar. 
Thus we shall have 



S=ll secyrdOdr. 



For example, suppose we require the area of the surface 
ay = az, which is cut off by the surface x^+y^ — (?; here 



sec 



Jo Jo ^ *^^ 

175. Suppose a? = r sin ^ COS ^, ^ = r sin 9 sin ^, « = r cos 0, 
so that r, 6^ <f> are the usual polar co-ordinates of a point in 
space ; then we shall shew hereafter that the equation 

may be transformed into 

An independent geometrical proof will be found in the 
Cambridge and Dvhlin Mathematical Journal, Vol. ix., and 
also in Carmichaers Treatise on the Calculus of Operations. 
It will be remembered that in this formula r =■■ sj{(x? + ^* + «*), 
while in Art. 174 we denote V(^ + if) by n 



Approximate Values of Integrals. 

176. Suppose y a function of x, and that we require 

/ ydx. If the indefinite integral / ydx is known we can at 

once ascertain the required definite integral. If the inde- 
finite integral is unknown, we may still determine approxi- 
mately the value of the definite integral This process of 
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approximation is best illustrated by supposing y to be an 
ordinate of a curve so that I ydx represents a certain area. 

— a into n parts each equal to A and draw » — 1 
at equal distances between the initial and final 

; then the ordinatea may be denoted by y,, y,, 

Hence we may take 

*(y,+2/. + +yO 

proximate value of the required area. Or we may 

A(y.-+y. +2/^1) 

iroximate value. 

lay obtain another approximation thus ; suppose the 
es of the r* and r + ll*" ordinates joined; thus we 
rapezoid, the area of which is (y, + y,^^ ^ . The 
U such trapezoids gives as an approximate value of 

*{! + !'.+?. +3-.+^}- 

result is in fact half the sum of the two former 
It is obvious we may make the approximation as 
I'e please by sufficiently increasing n. 

bllowing is another method of approximation. Let 
a be drawn having its axis parallel to that of y ; let 
represent three ecruidistatit ordinates, k the distance 
y, and y,, and therefore also between y, and y,. 
nay be proved that the area contained between the 
the axis of x, and the two extreme ordinates is 



be easily shewn by a figure, as the area consists of 
nd and a parabolic segment, and the ai-ea of the 
known by Art. 143. 
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Xet us now suppose that n is even, so that the area we 
have to estimate is divided into an even number of pieces. 
Then assume that the area of the first two pieces is 

h 
that the area of the third and fourth pieces is 

and so on. Thus we shall have finally as an approximate result 

3{yi + 2(3^3+y,+ y«-i)+y«4i+4(y2+y4 +^0}- 

Hence we have the following rule : add together the first 
ordinate, the last ordinate, twice the sum of all the other odd 
ordinates, and four times the sum of all the even ordinates ; 
then multiply the result by one-third the common distance 
of the ordinates. This rule is called Simpson's Bute: see 
Simpson's Mathematical Dissertations 1743, page 109. 

Simpson however merely made the obvious extension of 
supposing n to be any even number ; the case of n = 2 really 
involves the whole principle, and this had been given before : 
see Cotes De Methodo Differentiali, page 32. 

As an example of Simpson's rale let it be required to find 

the value of I :j ^ . Suppose n = 10 ; then we have 

1 1 _ 1 



1 + -01' ^» 1 + -04'*'* -^^ 1 + 1' 

If the calculation be carried to six places of decimals it will 
be found that the approximate value of the definite integral 
is equal to 785398. 

In this case the exact value is known, namely ^; and 

this agrees to six places of decimals with the approximate 
value. 
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177. Instead of referring to Art. 143 in the preceding 
investigation we might have used the following method. 
Assume for the equation to the curve y = ^ + Bx + Ca^, 
where A, B, and C are constants; and let y^, y^, y^ denote 
the values of y coiTesponding to the values 0, h, 2k of x 
respectively. Then 

yi = ^, y^-^A+Bh+Gh% y^^A + 2Bh + 4iCh!'; 

and from these equations we can express A, Bh, and Ch* in 
terms of y^, y,, and y.. The area contained between the 
curve, the axis of x, and the two extreme ordinates 

r^ 8 Ch* 

= 1 ydx=^2Ah + 2Bh^ + ^; 

substitute the values of A, Bh, and Ch*, and this expression 
becomes 

3(yi + 4y,+yJ. 

If the first of the three equidistant ordinates had been 
drawn at any point a; = a, instead of the point a; = 0, we 
should have obtained the same result. For put a; = a + a?' in 
the equation to the curve ; the equation will become 

y-^P+Qx+Rx"^, 

where P, Q, and B are constants; and y,, y^, y^ will now 
denote the values of y corresponding to the values 0, A, 2A 
of x\ so that the process and result will be as before. 

If we take y = -4 -f Bx + Co? + Da? for the equation to 
the curve, then as we have only three equations connecting 
the four quantities A, Bh, Ch^, and DA* with y^, y,, and y^ we 
cannot determine these four quantities ; it is however worthy 
of notice that the area will still be expressed by the formula 
just given. For we have 

and this is equal to 



/: 



{A + £x+Ca? + Da?) ix. 



Let us now investigate an analogous expressioi 
case in which /owr equidbtant ordinates are known. 
for the equation to the curve y = A-{- Bx + Ca? + Dx' 
y^, y^, y^, y^ denote the values of y correspondini 
Values 0, h, 2h, Sh of x respectively. Then 

y^ = A + Bk+Ch'' + Dk'', 

^,= A+ 2£h + 4Gk' + Wh\ 
y^ = A + 3Sh + 9 Ci' + 27i>A' ; 
and from these equations we can obtain A, Bh, Ck\ 
in terms of y^, y^, y and y,. The area contained 
the curve, the axis of x, and the two extreme ordina 



=r= 



ydx=^3Ah + —^ + 9CA + — r — ; 



substitute the values of A, Bh, Gh", and Dh', and thi 
sion becomes -5-Cyi + 3y, + 3^, + yJ. This result w 
by Newton ; see the end of his Methodiis Differential 
Then proceeding as in the latter part of Art. 17 
tain the Ibllowing approximate rule, the whole ar 
supposed divided into a number of pieces which 
multiple of three : add together the first ordinate, 
ordinate, twice the sum of every third ordinate, e 
the first and the last, and three times the sum o 
othtjr ordinates ; then multiply the result by three-e 
the common distance of the ordinates. 



EXAMPLES. 

If A denote the area contained between the 
the axis of x, the axis of y, and an ordinal 
extremity of the arc a, shew that A = C3. 1 
begins at the lowest point of the curve. 

The whole area of the curve [-) + (i ) =1 
(The integration may be effected by assumin 
x = a cos' ^) 
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3. The area of the curve y {a? + a^==c^ {a-- x) from a? = 

to a? = a is c* (7 — J log 2 j . 

4. Find the whole area between the curve y^x = 4a* {2a-- x) 

and its asymptote. Resfult. 4i7ra\ 

5. Find the whole area between the curve ^ {x^ + a") = a\7^ 

and its asymptotes. Results 4ia^. 

6. Find the area of the loop of the curve y^ = — ^ . 

Res^t. 



I. 2a«(l-|). 



7. Find the area bounded by the curve y*= — and 

•^ a — a? 

the asymptote a; = a, excluding the loop. 

Remit 2a'(l + j). 

8. Find the whole area between the curve y* (2a — x) = a;' 

and its asymptote. Result. S7ra\ 

9. Find the whole area of the curve (y — a;)* = a* — x\ 

Result ird?, 

10. Find the area included between the curves 

y* — 4aa; = 0, a?* — 4ay = 0. Result —5— . 

o 

11. Find the whole area of the curve a^ + 5V = c?Va?, 

Result ^ab. 

12. Find the area of a loop of the curve a'y* = aj* (a* — a*). 

4a' 
ResuU. -=- . 
5 



13. The area between the tractory, the axis of y, and the 
asymptote is -j-. (See Art. 100, and Art. 134.) 
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14. Find the area of a loop of the curve 

y(a» + ic')=aj»(a'^-aj»). Result |'(7r-2). 

15. Find the area of the loop, of the curve 

16ay = JV (a* — 2ax), Remit ^^ . 

16. Find the area of the loop of the curve 

Remit, a' {3 V2 log (1 + V2) - 2}. 

17. Find the whole area of the curve 

2/(a' + a^) -4ay (a"-a:') + (a*-^y = 0. 

!■ 

18. Find the area of the curve 



Result a V H : 



'2/ = csin-.loffsin- 
^ a ^ a 



from a; = to aj = air. Result 2ac (1 — log 2). 

19. Find the area of the curve ^ = ( - j between x=a and 

c \a/ 

05 = ^, and from the result deduce the area of the 
hjrperbola xy = a' between the same limits. 

20. Find the area of the ellipse whose equation is 

ax^ + 2bxi/ + cy* = 1. Result -. 



21. Find the area of a loop of the curve r' = c? cos 25. 

2 

Result ^ . 

22. Find the area contained by all the loops of the curve 

r = a sin n0. 

8 8 

Remit -J- or -^ according as ?i is odd or even. 

T.I.C. 11 
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23. Find the area between the curves r = a cos nO and r = a. 
24 Find the area of a loop of the curve ?-* cos ^ = a* sin 3^. 

Remit. —T — -^ log 2. 

25. Find the whole area of the curve r=^a (cos 26 + sin 26), 

JtemlU irc^. 

26. Find the area of a loop of the curve {a? + jjy = 4a*a:y. 



Result 



8 • 



27. Find the whole area of the curve 

(a?' +/)' = 4aV + 46y. Result 2^(a* + J«). 

28. Find the whole area of the curve 

29. Find the area of the loop of the curve 

3a* 

y* — Zaxy 4- 35* = 0. ResuU. -^ . 

30. Find the area of the loop of the curve 

r cos 5 = a cos 26. Result f 2 — ^ J a*. 

31. Supposing a greater than I find the area of the curve 

s^^ar — b cos 0) 

32. In a logarithmic spiral find the area between the curve 

and two radii vectores drawn from the pde. 

33. Find the area between the conchoid r = a + 6 cosec 

and twa radii vectores drawn from the pole. 
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34. In an ellipse find the area between the curve and two 

radii vectores drawn from the centre. * 

35. In a parabola find the area between the curve and two 

radii vectores drawn from the vertex. 

36. Find the area between the curve r=3a(8ecd+tan^ 

and its asymptote r cos ^ = 2a. 

Besult (| + 2)a». 

37. The whole area of the curve r = a (2 cos ^ + 1) is 

(o /ox 
27r + — ^J, and the area of the inner loop is 

38. Find the whole area of the curve r = a cos ^ + 5, where 

a is greater than 6. Also find the area of the inner 
loop. 

39. If X and y be the co-ordinates of any point of an equi- 

lateral hyperbola ix?^y* = a\ shew that 

where u is the area intercepted between the curve, 
the central radius vector drawn to the point {x,y), 
and the axis. 

40. Find the whole area of the curve which is the locus of 

the intersection of two normals to an ellipse at right 
angles. Besult tt (a — J)'. 

It may be shewn that the equation to the curve is 

(a«-y)«(a«sin«g~y cos'g)' 
(a* + 6'0(a*sin*^ + ycos*^/" 

« 

(See Plxme Co-ordinate Geometry, Example 53, Chap- 
ter xrv.) 

11—2 
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41. Find the area included within any arc traced by the 

extremity of the radius vector of a spiral in a com- 
plete revolution, and the straight line joining the ex- 
tremities of the arc. If, for example, the equation to 

^j , prove that the area corre- 
sponding to any value of greater than 27r is 
7ra' {(e\^^^ (6 y-'^M 

^n+itUW Utt / r 

42. Find the area contained between a parabola, its evolute, 

and two radii of curvature of the parabola. (Art. 157.) 

43. Find the area contained between a cycloid, its evolute, 

and two radii of curvature of the cycloid. 

44. Find the area of the surface generated by the revolution 

round the axis of x of the curve xy = li?. 

45. Also of. the curve y == a6«. 

46. Find the area of the surface generated by the revolution 

c ^ - 

of the catenary y = ^ {e^ + e"* ) round the axis of y. 

47. Shew that the whole surface of an oblate spheroid is 



^h'-i^^-^l^h 



48. A cycloid revolves round the tangent at the vertex; 

32 

shew that the whole surface generated is -^ ira*. 

3 

49. A cycloid revolves round its base ; shew that the whole 

64 
surface generated is -^ ira^ 

50. A cycloid revolves round its axis ; shew that the whole 

surface generated is Sira^ (tt - 1). 
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51. The whole surface generated by the revolution of the 

tractoiy round the axis of a; is 47rc'. 

52. A sphere is pierced perpendicularly to the plane of one 

of its great circles bftwo right cylinders, of which 
the diameters are equal to the radius of the sphere 
and the axes pass through the middle points of two 
radii that compose a diameter of this great circle. 
Find the surface of that portion of the sphere not 
included within the cylinders. 

Result, Twice the square of the diameter of the 
sphere. 

53. Find the surface generated by the portion of the curve 

y=^a±a log - between the limits x=^a and x^ae. 

Remit 4«ra» |l+V(l+eVV2 + log|^j^;^^ 

54. Find I — , where dS represents an element of surface, 

and p the perpendicular from the ori^ upon the 
tangent plane of the element, the integral being ex- 

^ y* z^ 

tended over the whole of the ellipsoid -§ + 73 + ;^ = 1. 

Remit. ^(«'i' + *V + c'«*)- 



CHAPTER THI. 

VOIUMES OF SOLIDS. 



FormulcB involving Single Integration. Solid of 
£evolution. 




78. Let ^ be a fixed point on a curve APQ, and P any 
■ point on the curve whose co-ordinates are x and j; and 
Dse X algebraically greater than the abscissa of A. Let 
urve revolve round the axis of x, and let V denote the 
ne of the solid bounded by the surface generated by the 
I and by two planes perpendicular to the axis of x, one 
[gh A and the other through P; then (DiJ'ermtud 
■.lus, Art. 314) 

dV , 



fore 



F"= j-Try'dx. 



rom the equation to the curve y Is a known functioB 

suppose ^ (a:) to be the integral of Try* ; then 
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Let F, denote the volume when the poiot Phaa 
al}3cisss, and }\ the volume when the point P has 
abscissa; thus 

v.^f k) + 0. 

therefore 7", — F, = ^ {x^ — -^ (a;^ = tt I ^^dx. 

179- Application to the Bight Gircvlar Cone. 

Let a straight line pass through the origin and 
angle a with Uie axis of x; then, this straight line ' 
rate a right circular cone by revolving round the j 
Here y = x tan a ; thus 



V=L tan*aai*<fa = ?L^ af + c, 



.f^ .. TT tan a / • >, 

F, - r, = — g — « - «,'). 

Suppose x^ = (i, and let r = a!, tana; thus th 

becomes 5 — -, that is, — o"*- Hence the v 

a right circular cone is one-third the product of tl 
the base into the altitude. 

180. Application to the Sphere. 

Here taking the origin at the centre of. the s 
have y* = o* — a;* ; thus 

The volume of a hemisphere = 1 ■ny'dx = — - . 

181. Application to the ParahoUnd. 

Here the generating curve is the parabola, so tt 

w" = 4(127, 
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Thus r^-V^^^ir \^xdx = fLair {x^ - x^. . 

Suppose a?j = 0, then the volume becomes 2aTrx*, that is 
^TTi/^x^y where y^ = 4aa;, ; thus the volume is half that of a 
cylinder which has the same height, namely a?,, and the same 
base, namely a circle of which y, is the radius. 

182. For another example we will take the solid gene- 
rated by a cycloid which revolves round its axis; here 
{Differential Calculus, Art. 358) 

X 

y = /^{2ax—a?) +aYer8"^-, 

The integration is best effected by putting for a: and y their 
values in t^rms of {Differential Calculus, Art. 358). Thus 



TT 



ji/'dx = ira^Ue + sin 5)' sin ddO. 



To obtain the volume generated by a semi-cycloid the 
limits for x would be and 2a ; thus the corresponding limits 
for are and tt. 

Now [^ sin 0d0^-ff'cos0 + 2 (0 co&0d0 

= - ^ cos^ + 2i9 sine + 2 cos^, 
therefore [V sin 5d5 = tt' - 4 ; 

o fa • tnjn fn n Qn\ ^/i ^ ^ sin 20 cos 20 
2 1 sinr0d0 = j ^ (1 - cos 20) d0==^ ^ t — , 



therefore 2 j'o ^m^0d0= % . 







2 



And {'sm'dde = iTmi'ddd = 2 . | . (Art. 35.) 
Thus the required volume 
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- 183. This formula for the volume of a solid of revolution, 

F= I irifdx, Uke others which we have noticed, is one, the 

truth of which is obvious, as soon as the notation of the 
Integral Calculus is understood. In the figure to Art. 7, if 
PM be y and MN be denoted by Aa;, then Try* Ax is the 
volume of the solid generated by the revolution of MNpP 
about the axis of a?. Thus Stt^'Aoj will diflfer from the volume 
generated by the revolution of ADEB by the sum of such 
volumes as are generated by PpQ \ and the latter sum will 
vanish in the limit. Therefore the volume generated by the 
revolution of ADEB is equal to the limit of Xttj^Ax^ that is, 

to I Try^dx, 

184. Similarly, if V denote the volume bounded by the 
surface formed by a curve which revolves round the axis of y, 
and by planes perpendicular to the axis of y, we shall have 



V^{ira?dy. 



And, as in Art. 178, we shall have 






185. Suppose two curves to revolve round the axis of a:, 
and thus to generate two surfaces, and that we require the 
difference of two volumes, one bounded by the first surface 
and by planes perpendicular to the axis of a?, and the other 
bounded by the second surface and by the planes ahready 
assigned. Let y=<t>{x) be the equation to the first curve, 
and y = -^ (a?) that to the second. Then if V denote the 
required difference, we have 

r=^ J TT {^ {x)Y dx - jfTT {f {x)Y dx 



TT 



f[[4>ix)y-{'>^(x)}']dx. 
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nee which bound the required volume are de- 
v = x^ and x — a;,, we must integrate between 
md a^ for x. 

tie case suppose that a closed curve is sucb that 
ine y = a bisects every ordinate parallel to the 
1 we have <f>{x) = a+ xW ^^^ '^W ='*~xWi 
tnotes some function of x. Thus 



IT I iax (^) fix. 



le abscissEe of the extreme points of the curve 
then the volume generated by the revolution 



! round the axis of a; is i^atr 






I dx is the area of the closed curve, so that the 

al to the product of 2air into the area. This 
supposes that the generating curve lies en- 
ide of the axis of x. 
irating curve be the circle given by 

)r its area, and therefore 2A;c*7r' for the volume 
,he revolution of it round the axis of x. 

similar way if the curves a: = (y), x = ^ (y), 
the axis of y we obtain for the volume bounded 
»s and by planes perpendicular to the axis of y 



■T/a*w)'-(fw)'i*- 



method ^ven in Art. 178 for finding the volume 
•evolutioa may be adapted to any solid. The 
e described thus : conceive the solid cut up into 
a series of parallel planes, estimate approxi- 
ume of each slice and add these volumes ; the 
im when each slice becomes indefinitely thin is 
the solid required. Suppose that a solid is cut 
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up into slices by planes pei'pendicular to the axis of x ; let 
^ (x) be the area of a section of the solid made by a plane 
which is at a distance x from the origin, and let x + Ax be 
the distance of the next plane from the origin ; thus these 
two planes intercept a slice of which the thickness is Ax, and 
of which the volume may be represented by <f> {x) Aa?. The 
volume. of the solid will therefore be the limit of S^(^) A^, 

that is, it will be / ^ {x) dx ; the limits of the integration will 

depend upon the particular solid or portion of a solid under 
consideration. 

For example take a prism as defined in Euclid, Book xi. 
Cut up the prism into slices by planes which are parallel to 
the two equal and similar ends ; take the axis of x perpen- 
dicular to the two ends. Thus ^{x) is a constant, say A\ the 

volume of the prism z=:JAdx= Ah^ where h is the perpen- 
dicular distance between the two equal and simUar ends. 

188. AppUccUion to an Ellipsoid. 
The equation to the ellipsoid is 

if a section be made by a plane perpendicular to the axis of x 
at a distance x from the origin, the boundary of the section 

is an ellipse, of which the semiaxes are h j^j (^ 2) ^^^ 

e . / (1 — a J ; hence the area of this ellipse is irhc f 1 — 2)5 

this is therefore the value of ^ (x). Hence the volume of 
the ellipsoid 



3 



189. Application to a Pyramid, 



Let there be a pyramid, the base of which is any recti- 
linear figure; let A be the area of the base and h the height. 
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Take the oriirin of co-ordinates at the vertex of the pyramid, 
)f X perpendicular to the base of the pyramid, 
me of the pyramid 

section of the pyramid made by any plane pa- 
base is a rectilinear figure similar to the base, 
s of similar figures are as the squares of their 
ides; and x aud h are proportional to homo- 
hence we infer that 

me of tile pyramid 

A f» , Ah 

'h'l/'^-s-- 

LtioQ also holds for a cone, the base of vbich is 



another example we will find the volume lying 
lyperboloid of one sheet, its asymptotic cone, 
s perpendicular to their common axis. 

uatlon to the hyperboloid be 

Or <r 
e cone 

a (T 

m of the former surface be made by a plane 
to the axis of x and at a distance x from 
e boundary is an ellipse of which the' area is 

the section of the second surface made by 

le also has an ellipse for its boundary, and its 



VOLUMES OF SOLIDS. 173 

area Is — j— ■ Therefore the difference of the areas is irbc 

Hence the required volume, supposing it bounded by the 
ptanes x^x^ and x^x^, is 

I -n-bcdx, that is, irbo{x^ — x^ 

191. Sometimes it may be convenient i 
by parallel planes not perpendicular to the 
be the incliaation of the axia of a; to the pan 
<f> (x) sin aAx may be taken as the volume 
the integration performed as before. 

192. The remarks made in Arts. 176 a 
application to the subject of the present Cha 

Let there be a solid such that the area ol 
by a plane parallel to a fixed plane and at a 
it is always equal to P+ Qx + Rx* + Sx', w 
are constants. Let three equidistant sectioi 
made by planes parallel to the fixed plane, '. 
tance between the two extreme sections. Le 
sections, taken in order, be denoted by A^. 
the volume of the portion of the solid contai 
two extreme sections is equal to 

I (^, + 4^, + ^,). 

IS four equidistant sections be made, 3A b 
between the extreme sections, and the area 
taken in order be denoted hj A ,A , A^, A^, 
of the portion of the solid contamed between 
sections is equal to 

'^{A, + SA,+ ^A, + A,). 

Hence we may obtain rules for estlmatin 
the volume of any solid. Make equidistant 
of the solid ; the areas of these sections mu 
place of the ordinates which occur in the 
Arts. 176 and 177. 
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Formvice involving Double Integration. 




193. We will first give a formula for the volume of a solid 
of revolution. In the figure, let a?, y be the co-ordinates of 8, 
and X + Ax, y + Ay those of t. Suppose the whole figure to 
revolve round the axis of a?, then the element st will generate 
a ring, the volume of which will be ultimately 27ryAxAy: 
this follows from the consideration that Ax Ay is the area of 
st and 27ry the perimeter of the circle described by s. Hence 
the volume generated by the figure BEeb, or by any portion 
of it, will be the limit of the sum of such terms as 2'jryAxAy. 
Let V denote the required volume, then 



V=27r Ijydxdyi 



the limits of the integration being so taken as to include all 
the elements of the required volume. 

194. Suppose that the volume required is that which is 
obtained by the revolution of all the figure BEeb ; let y = ^ (x) 
be the equation to the upper curve, y = yjr {x) that to the lower 
curve, and let 00=^x^, OH^x^. We should then integrate 
first with respect to y between the limits y=i'^{x) and 
y = ^ (a;) ; we thus sum up all the elements like 2iryAxAy 
which are contained in the solid formed by the revolution of 
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the strip PQgp ; then we integrate with respect to x be- 
tween the limits x^ and a?,. Thus to express the operation 
lEymbolically 

F=27r| I ydxdy 

J Xi 

The second expression is obtained by eflfecting the inte- 
gration with respect to y between the assigned limits, and it 
coincides with that already obtained in Art. 185. 

195. Thus in the preceding Article we divide the solid 
into elementary rings, of which ^iry^x^y is the type; in 
the first integration we collect a number of these rings, so as 
to form a figure, which is the diflference of two concentric 
circular slices ; in the second integration we collect all these 
figures and thus obtain the volume of the required solid. 
The truth of the formulae of the preceding Article is obvious 
as soon as the notation of the Integral Calculus is under- 
stood. 

196. Suppose the figure which revolves round the axis 
of X to be bounded by the curves a? = ^ (y) and ^ = V^ (y), and 
by the straight lines y = y, and y = y,; then in applying the 
formula for V it will be convenient to integrate first with 
respect to a?; thus 

F= 27r I I ydy dx. 

In this case in the integration with respect to x we collect 
all the elements like ^iryE^y^x which have the same radius 
y, so that the sum of the elements is a thin cylindrical shell, 
of which Ay is the thickness, y is the radius, and ^ (y) — "^ [y) 
the height. Thus 



JVx 



197. As an example of the preceding formulae, let it be 
required to find the volume of the solid generated by the re- 
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volution of the snea. ALB round the axis of flc in the figure 
already given in Art. 141. This volume, is the excess of the 
hemisphere generated by the revolution of SLB over the pa- 
raboloid generated by the revolution of ASL ; the result is 
therefore known, and we propose the example, not for the 
sake of the result, but for illustration of the formulae of double 
integration. ^ 

Let 8 be the origin. Suppose the positive direction of the 
axis of X to the left, then the equation to AL is y^= 4a (a—x) 
and that to BL is y'=4a*— ic*. Let Fbe the required volume, 
then 

F= I I ^irydydx. 

Jo J Aa^-^y* . 

If we wish to integrate with respect to y first, we must, as 
in Art. 141, suppose the figure ALB divided into two parts ; 
thus 

F= I I 27rydxdy + l I ^irydxdy. 

Jo J y/(,ia*-iaai) Ja Jo 

Again, let it be required to find the volume generated by 
the revolution of LDG about the axis of x. Let the positive 
direction of the axis of x be now to the right, then the equa- 
tion to LG is y*= 4a(a + fl?) and that to LD is ^ = 4a* — a;'. 
Let V be the required volume, then 

F= I I iirydxdy. 

Jo Jv'(4a«-a») 

If we wish to integrate with respect to x first, we must, as 
in Art. 141j suppose the figure LDG divided into two parts ; 
thus 

r2ar2a r2ay/zr2a 

V= I I Sttv dydx+l I 27ry dy dx. 

Jo JV(4a«-»«) J 2a J T/»-ia* 

ia 

198. Similarly, if a solid is forpaed by the revolution of 
a curve round the axis of y, we have 



F= 1 1 iirx dy dx. 
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199. We now proceed to consider any solid. 



\ 




Tl^ 



Let Xy j/y z be the co-ordinates of any point ^ of a 
surface, aj + Aa;, y-\-^yy z-\-^z the co-ordinates of an ad- 
jacent point q. Through p draw planes parallel to the co- 
ordinate planes erf {x, z) and (y, z) ; through q also draw 
planes parallel to the same co-ordinate planes. These four 
planes will include between them a column, of which PQ is 
the base and Pp the height. The volume of this column will 
be ultimately zAxAy, and the volume between an assigned 
portion of the given surface and the plane of {x, y) will be 
found by taking the limit of the sum of a series of terms 
like zLx^y. Let V denote this volume, then 



^jjzdxdy. 



The equation to the surface gives as a function of x and 
y ; the limits of the integration must be taken so as to in- 
clude all the elements of the proposed solid. 



T. I. C. 



12 
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If we integrate first with respect to y, we Bum up the 
columns which form a slice comprised between two planes 

■"'icular to the axis of a;; thus the limits of the inte- 

with respect to y may be functions of x, and we shall 



/.%=./(«), 



'{x) is in fact the area of the section of the solid con- 
made by a plane perpendicular to the axis of x at 
ce X from the origin. Then finally^ 

icides with the formula already given in Art. 187. 

Applicatitm to the Ellipsoid. 

t be required to find the volume of the eighth part of 
iBoid determined by the equation 



3 we have to find 



//V(^-?-t5'^* 



: integrate with respect to y, then the limits of y are 

that is, and 6 a/(i i) j ^^ tl*"^ obtain the sum 

le columns which form the slice between the planes 
Mqm. Now between the assigned limits 

limits of X are and a ; we thus obtain the Bum of 
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all the slices which are comprised ia the solid OABC. Hence 
p- _ irahc 



201. Suppose the given surface to be determined by 
scy = az^ and we require the volume bounded by the plane 
of (a?, y)y by the given surface, and by the four planes x^x^, 
x = x^j y=yi> y =ya* Here the volume is given by 






1 

where z^, z^, z^, z^ are the ordinates of the four corner points 
of the selected portion. 

202. Find the volume comprised between the plane 
js = and the surfaces xy = az and (a; — A)' + (y — A;)' = c\ 

Here we have to integrate 1 1— dxdy between limits de- 
termined by {x — hy + (y — k)* = c". 

Now jl/dy^^y and the limits of y are 

k-^{(?^{x^hy} and A + Vlc'-CaJ-A)'}. 
Thus we obtain 

2iV{c'-(aJ-A)"}. 

Hence finally the required volume 

= — jx »J[(? — (a? - hy] dxy 

where the limits of x are A — c and A + c. 

12—2 
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And 

Put x-^h^t; thus we obtain 

The limits of t are — c and +c; therefore the result is 
— ^— ; and the required volume is , 

This result however assumes that xy is positive throughout 
the limits of the integration; that is, the circle determined by 
{x — hy + (y — hY = e* is supposed to lie entirely in the first 
quadrant or entirely in the third quadrant. If this condition 
be not fulfilled our result does not give the arithmetical value 
of the volume, but the balance arising from estimating some 
part of the volume as positive and some part as negative; for 
example, if A and k vanish our result vanishes. 

Similarly in the result of the preceding Article, it is 
assumed that xy is positive throughout the limits of the in- 
tegration. 

203. Instead of dividing a solid into columns standing 
on rectangular bases, so that zLx^y is the volume of the 
column, we may divide it into columns standing on the 
polar element of area; hence zrLBLr is the volume of the 
column. Therefore for the volume F of a solid we have the 
formula 



=// 



zrdOdr. 



From the equation to the surface z must be expressed as a 
function of r and 6. 

For example, required the volume comprised between the 
plane « « 0, and the surfaces a?'* + y' = 4a« and v* = 2ca? — a?. 

Here z^-t-x and the limits of r and 6 must be such as to 
4a 
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extend the integration over the whole area of the circle 
^ = 2cx — a^. Let r^ = 2c cos ; then the required volume 

4a 



aj. 



cos*^citf 

"^ ^ 'Odd 



= — I cos* I 



"^ 8a • 

204. Required the volume of the solid comprised between 
the plane of {x, y) and the surface whose equation is 

Here, since a^ +y* = »**, 

V^aWe'^rdddr. 



^ajji-^^ 



The surface extends to an infinite distance from the origin 
in every direction ; thus the limits of are and 27r, and 
those of r are and oo . 






Now I e ^rdr = — ^c* ; 

thus I ^ *^ ^^^ ~ 9 • 

And I cie = 27r. 

Jo 

Hence the required volume is wac^. 
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FormulcB involving Triple Integration. 

205. In the figure to Art. 199, suppose we draw a series 
of planes perpendicular to the axis o{ z; let z be the distance 
of one plane from the origin and z-\-Az the distance of the 
next. These planes intercept from the column pqPQ an 
elementary rectangular parallelepiped, the volume of which is 
AxAyAz. The whole solid may be considered as the limit 
of the sum of such elements. Heoce if V denote its volume, 



V 



— jlldxdydz. 



206. Required the volume of a portion of the cylinder 
determined by the equation 

ai'+y'-2aa? = 0, 
which is intercepted between the planes 

z = x tan a and z = x tan 13. 
Here if y^ stand for V(2flta3 — a?*), we have 

fiaryi r» tan/3 

V= I j I dxdydz 



eta ryi 

= 1 I (tan )S — tan a) a?dicf7y 

= 2 (tan /8 — tan a) I x V(2aaj — a?)dx 

J A 



Tra' 



= 2 (tan fi — tan a) — 

207. The polar element of plane area is, as we have seen 
in previous Articles, rA^Ar. Suppose this were to revolve 
round the initial line through an angle 27r, then a solid ring 
would be generated, of which the volume is 27rr sin rAOAr^ 
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since 27rr sin is the circumference of the circle described by 
the point whose polar coordinates are r and 0. Let (f> denote 
the angle which the plane of the element in any position 
makes with the initial position of the plane, ^ + A^ the angle 
which the plane in a consecutive position makes with the 
initial plane ; then the part of the solid ring which is inter- 
cepted between the revolving plane in these two positions is 
to the whole ring in the same proportion as A^ is to 27r. 
Hence the volume of this intercepted part is 

r*sinflA^A^Ar. 

This is therefore an expression in polar co-ordinates for an 
eljsment of any solid. Hence the volume of the whole solid 
may be found by taking the limit of the sum of such ele- 
ments; that is, if F denote the required volume, 



V:^jjjr'sm0d<l>dddr. 



The limits of the integration must be so taken as to in- 
clude in the integration all the elements of the proposed solid. 
The student will remember that r denotes the distance of any 
point from the origin, the angle which this distance makes 
with some fixed straight line through the origin, and <^ the 
angle which the planQ passing through this distance and the 
fixed straight line makes with some fixed plane passing 
through the fixed straight line. 

208. Suppose, for example, that we apply the formula to 
find the volume of the eighth part of a sphere. Integrate 
with respect to r first; we have 



/ 






Suppose a the radius of the sphere, then the limits of r are 
and a; thus 



V=^jj^smed<l>d0. 



In thus integrating with respect to r, we collect all the 
elements like r* sin A^ A0 Ar which compose a pjnramidal 
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solid, having its vertex at the centre of the sphere, and for its 
base the curvilinear element of spherical surface, which is 
denoted by a* sin A^ Ad. 

Integrate next with respect to d\ we have 



/ 



sinffc?d = — cosd; 



the limits of are and ^ ; thufii 

In thus integrating with respect to 0, we collect all the 

8 

pyramids similar to -^sindA^Ad which form a wedge- 
shaped slice of the solid contained between the two planes 
through the fixed straight line corresponding to ^ and ^+A6. 

Lastly, integrate with respect to ^ from to ^ ; thus 



2 



•^" 6 • 



In this example the integrations may be performed in any 
order, and the student should examine and illustrate them. 

209. A right cone has its vertex on the surface of a 
sphere, and its axis coincident with the diameter of the 
sphere passing through that point: find the volume com- 
mon to the cone and the sphere. 

Let a be the radius of the sphere; a the semi- vertical 
angle of the cone, V the required volume, then the polar 
equation to the sphere with the vertex of the cone as origin 
is r = 2aco8d. Therefore 



r2ar/'a/*2aoOB0 



^o-'d 



210. The curve r = a(l4-cosd) revolves round the ini- 
tial straight line, find the volume of the solid generated. 
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Here the required volume 

=j j j r'amedOd^dr 



JO JO 

3 JO 



I '(1 + cos ey sin 9 de. 
Jo 



It will be found that this = 



EXAMPLES. 

1. If the^curve y* (a? — 4a) ^axioR-- 3a) revolve round the 

axis of ic, the volume generated from a? = to a? = 3a 

is ^"(15 -16 log 2). 

2. A cycloid revolves round the tangent at the vertex: 

shew that the volume generated by the curve is 7^'a^ 

3. A cycloid revolves round its base: shew that the 

volume generated by the curve is Stt'o-'. 

4. The curve y* (2a — a;) = a^ revolves round its asymp- 

tote : shew that the volume generated is 27r'a'. 

5. The curve ajy* = 4a* (2a — a:) revolves round its asymp- 

tote: shew that the volume generated is 47r'a'. 

6. Find the volume of the closed portion of the solid 

generated by the revolution of the curve (y* — 6')' = c^x 
round the axis of y. 

7. Express the volume of a frustum of a sphere in terms of 

its height and the radii of its ends. 

Besult. ^{A" + 3(r/ + 0}. 
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8. If the curve y^ = 2mx + nx^ revolve round the axis of x, 
find the volume of any frustum; and shew that it 
may be expressed either by 

^ (J« + c' - MO or by 'T'i (»•'+§') , 

where h is the altitude of the frustum and h, c, r are 
the radii of its two ends and middle section. Deduce 
expressions for the volume of a cone and spheroid. 

0. Find by integration the volume included between a 
right cone whose vertical angle is 60", and a sphere 
of given radius touching it along a circle. 

ResvlU -TT . 
o 

10. If a paraboloid have its vertex in the base, and axis in 

the surface of a cylinder, the cylinder will be divided 
into parts which are as 3 to 5 by the surface of the 
paraboloid ; the altitude and diameter of the base of 
the cylinder and the latus rectum of the paraboloid 
being all equal. 

11. A paraboloid of revolution and a right cone have the 

same base, axis, and vertex, and a sphere is described 
upon this axis as diameter ; shew that the volume in- 
tercepted between the paraboloid and cone bears the 
same ratio to the volume of the sphere that the latus 
rectum of the parabola bears to the diameter of the 
sphere. 

12. Find the whole volume of the solid bounded by the 

surface of which the equation is 

Result. — =— . 
o 

13. Find the whole volume of the solid bounded by the 

surface of which the equation is 

9 
Result, -x^a^. 



the volume included by the surface formed by the 
curve is 

^(10-3:r). 

iud the volume enclosed by the surfaces defined by 
the equations 

niustrating by figures the progress of the summation. 

iST be a closed surface, dS an element of 8 about a 
ptHut P at a distance r from a fixed point 0, and 
the angle irhich the normal at P drawn inwards 
makes with the radius vector OP, shew that the 
volume contained hy the surface 



=i/. 



st}>d8, 

the summation being extended over the whole sur- 
face. 

Taking the centre of an ellipsoid as the point O, 
apply this formula to find its volume, interpreting geo- 
metrically the steps of the integration. 

ind th© value of Ijlic'dasrfyrfz over the volume of an 

ellipsoid. Bemdt. -^j-r — • 

letermine the limits of integration in order to obtain 
the volume contained between the plane of {x, y) and 
the surface whose equation is 

Aa?~[-Bx3-\-C'i/'-Dz-F=a. 
itate the limits of the integration to be used in apply- 
ing the formula \\\dxdydz to find the volume of a 
closed surface of tbe second order whose equation is 
oa;" + jy + ca" + a i/« + 6'x2 + c'*y = 1. 
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, 87r + 27V3-64! , , 64-27 V3-2w , 
uumes, ^ a and 5 a ; 

lere n is the radius of the base of the coae or 
linder. 

1 the volume of the cono-cuneuB determined by 

uch Ib contained between the planes x = and 
MmiU. '^. 

)noid is generated by a straight line which pa^es 
rough the axis of z and is perpendicular to it. Two 
ctions are made \)y panulel planes, both planes 
iing parallel to the axis of 2. Shew that the 
lume of the conoid included between the planes is 
ual to the product of the distance of the planes into 
Jf the sum of the areas' of the sections made by the 
anes. 



192 DIFFERENTIATION OF AN INTEGRAL 

Let Ai and At^ dimmish without limit ; thus 

212. Similarly, if we diflferentiate u with respect to a, 
supposing <l> (x) not to contain a, and & to be independent 
of a, we obtam 

213. Suppose ^(a?) to contain a quantity c, and let it 

be required to find the differential coeflBcient of / ^(x)dx 

with respect to c, supposing a and b independent of c. 

Instead of (f> {x) it will be convenient to write ^ (x, c), 
so that the presence of the quantity c may be more clearly 
indicated ; denote the integral by u, thus 



u=: I if) (x, c) dx. 

J a 

Suppose c changed into c + Ac, in consequence of which 
u becomes u + Aw ; thus 

u + Att =1 ^ (a?, c + Ac) dx ; 

J a 

rb rb 

therefore Au = I ^ (a?, c + Ac) dx—l ^(x, c)dx 

J a J a 



J a 



b 

c + Ac) — <l> (x, c)} dx ; 



Att r*6(aj, c + Ac) — 6(a?, c) , 

Now by the nature of a diflferential coefficient we have 

<^ (a?, c -f Ac) -- (f) {x, c) d<f> {Xy c) ^ 

Ad "~5^ '^^' 



DIFTEBENTIATION OF AN INTEGBAl 

re please in (3), we may replace h by x, and 

^(.,„).*tedO + o (4). 

lation may be ap{>lied to find % {x, c) ; as the 
ly be introduced if required, we may dispense 
; it, and put (4) in the form 

e, let A [x, c) = ^ 5-1 : then 

^ 1 + ff3r 

I* {x, «) <fe - J j^pjj = J tan- CI, 



l(;'"'"'")-/ai(iTS>)'' 



=-/ 



(1 + o'a:^'* 



im knowing the value of I .. . .^ 'we are able to 
differentiation the value of the more complex 

required the differential coefficient of I ^(ar, ^Ax 

;t to c when both h and a are functions of c. 

integral by « ; then -v- consists of three terms, 

from the fact that [x, c) contains c, one from 
lat b contains c, and one from the fact that a 
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218. The following geometrical illustration may be given 
of Art. 216. 




= ^ (a;, c) be the equation to the curve APQ, and 
! + Ac) the equation to the curve APf^, 

OM=a, ON=b, 

JOf' = Aa, NN' = Ab. 

I denotes the area PMNQ, and u + Au denotes the 
JVO". Hence 

Am = P'p2Q'+ QNN'q-PMM'p, 

^u_ F'pqQ QNN'q PMM'p 
Ac Ac Ac Ac * 

•f easily be seen that the limit of the first term is 

f ' 0(a:,c + Ae)-^fec) 

J. io ' 

rm is the limit of ^ (5, c) -r- , and that the limit 
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J)i£re:rentiate with respect to c ; thus 

<'(»-i)f*W)'-s/Jl*W<''- 

ntiate again with respect to c ; 

(l-^),0(c) + 2c(l-^)fCc) = O; 

' 0'(c)_ 2-« 1 

j^(c) 2(n-l)o- 
tte; thn3 

log ^ (c) =? ^gT- — log c + coQstaat ; 

z[.n — i; 

re ^{c)=^c *'»-»>, 

A is some constant; thus we have finally 

is is the solution of a prohlem in Analytical Statics, 
may be enunciated thus. The distance of the centre 
rity of a segment of a. solid of revolution from the 

is always - th part of the height of the segment ; find 

lerating curve. The required equation is jr = '^ (x). 

. Find the form of ^ (x) so that the int^ral / ^~ — ^ 
: independent of c, supposing that ^ (x) is independent 

lote the integral by u, and suppose x=cs', thus 
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MISCELLANEOUS EXAMPLES. 

1. If the straight line SPJP^P^ meet three successive revo- 

lutions of an equiangular spiral, whose equation is 
r = a^, at the points P^, P^, P3, find the area included 
between P^P^, P^^v ^^^ ^^ ^^^ curve lines PJP^y PJ^s- 

Result, -rr — (^rPJ'- 
41og,a^ ^^ 

2. Find the area of the curve y^ — axy^ + oj* = 0. 

7raV2 



Result, 



16 



3. Find the area of the curve a?* + y^=^a* (^)""*> "where n 
is a positive integer. 

Result, If n is an even integer -^— ; if n is an odd 



integer 



n 



4. A string the length of which is equal to the perimeter 

of an oval is wound completely round the oval, and 
an involute is formed by unwinding the string, begin- 
ning at any point ; shew that when the length of the 
involute is a maximum or a minimum the length of 
the string is equal to the perimeter of the circle of 
curvature at the point from which the unwinding 
begins. 

5. Find the portion of the cylinder ic* + y* — ro? = inter- 

cepted between the planes 

ax + by + cz =^0 and ax + by -hcz = 0. 

Result — Z . 

8c 

G. Find the volume of the solid bounded by the para- 
boloid ^"+2*= 4a (a; 4- a) and the sphere aj'+y+js^'^c*, 
supposing c greater than a. 

Result iira ( ^ ~ ■« ) • 



ELLIPTIC INTEOEAIS. 

18 referred to the treatise on the subject by Dur^, 
idition, Leipsic 1868, to that by Schellbach, Berlin 
d to the note by Hermite in the second volume of 
b edition of Lacroix's Traitd £Uinentaire de Calc, 
ie Calc. Int. Paris 1862. The first part of a lar^ 
on t^e subject by Briot and Bouquet appeared in 



If and ^ are connected by the equation 

F{c,6)-\-F{c,^)=F(c,ii), 
is a constant ; then will 
3oa 6 cos ^ — sin ^ sin ^ V(l ~ "* sin* ft) = cos fi, 
ider 6 and ^ as functions of a new variable t, and 
iate the given equation ; thus 

1 iO . 1 ^ f, ,11 
V(l-«'«iii'») <il V(l-o"8i"'W <* 

as f is a new arbitrary variable, we are at liberty to 



^-V(l -«•«»'»). 



nthe 


equation (1) 


-c'sinV). 






re these two equations 


and differentiate 


thus 




-c^sinecose, 




sin ^ COS ^; 




de 2 


(8in29 + sm2«. 




9 + 4, 


= ^ and e-'j,= 


X' *^'is 








c-sin + oosx. 


?=- 


sin X cos t. 



di d( \d(/ \dtj r ^.' 
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and for -^ its value 
at 



V(l - c' siii'5) + V(l - c' sin'<^), 
and then suppose ^ = ; thus 

hji^ — c^ sin*/*) — 1 = ^ sin/&, 
and V(l "" <5* sin*/i) + 1 = J5 sin /a. 

Substitute iox A^B and -4 + J5 in (4) ; 
thus cos 0cos(f> — sin ^ sin v^(l — c* sin* /i) = cos /*. 

226. The relation just found may be put in a diflferent 
form. Clear the equation of radicals ; thus 

(cos 5 cos — cos fiy = (1 — c* sin'/Lt) sin*^ sin' (f> ; 

therefore 

cos*^ + cos'0 + cos'/A — 2 cos ^ dos <f> cos fi 

= 1 — c^ siD^fi sin*^ Sin*^. 

Add cos'0 cos'/* to both sides and transpose ; thus 
(cos ^ — cos cos fiy 

= 1 — cos'<^ — cos'/* + cos'^ cos'/* — c' sin*/* sin'tf sin*^ 

= sin'0 sin'/* (1 — c' sin*^) ; 

therefore cos ^ = cos cos /* + sin ^ sin /* V(l — c* sin' 0). 

The positive sign of the radical is taken, because when 
^ = 0, we must have ^ = /*. 

227. We shall now shew how an elliptic function of the 
first order may be connected with another having a diflferent 
modulus. 

Let F{c, 6) denote the function; assume 

c + cos 2^ 



ELLIPTIC INTEGRALS, 

We will give one more proposition in this subject, 
)li8biBg a relation among Elliptic Functions of the 
)rder, analogous to that proved in Art. 225 for func- 

the first order. 

cos 5 C08 ^ — sin ^ sin ^ »/(l — i? sin* /i) = cos fi, 
.1 
? (c, 0) + E(c, 4>)-E (c, fj.)~(^Bui0 Bin ^ sin ju. 

irtne of the ^ven equation connecting the amplitudes, 

motion of ff ; thus we may assume 

#(e,e)+£(o,.f)-^(e,rt-/(«). 
srentiate; thus . • ' ' 

^{l-c»sin*^ + V(l-c'Bin'^)^ 

Dos^ — cos^cos/i. coa^ — cos^coa/t di}> 
sin^sin^ sin^sin/it tiff 

(by Art. 226), 
f?{sin*g + sin'0 + 2co3gco3^ cob^} 1 

dd Ssin^sin^sin/*' 

1*0 + sin* ^ + 2 cos 5 008 ^ cos /* 

= 1 + cos'^ + c* sin* sin* ^ sin*/i ; 
r'/fl\ J ■ t?(sin^sin^) 

re, by integration 

f(0) = <? sin 5 sin ^ sin /t. 
constant is added, because /(^ obvioiisly Tanisbes 

,= s the present result coincides with Fagnani'sTheo- 

monatrated in Art. 92 ; this will be easily seen by the 
)me developments which we will now giyei 
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2. Find the whole volume of the solid bounded by the sur- 
face of which the equation is 



©'-(!)'-©'=•• 



Besvlt. ^^ 



3. Prove that the volume of that portion of the solid 

bounded by the surface whose equation is 

whicb lies on the positive side of the plane of xy is 

4. Find the value of I— ^ , wbere dS denotes the element 

of the surface of a sphere, and r the distance of this 
element from a fixed point without the sphere ; the 
integration being extended over the whole surface of 
the sphere. 

Result. . ^^Q. \ , riFa - T"^ — w^ 5 where a is the 

c (n — 2) I (c — af^ (c + a) j 

radius of the sphere, and c the distance of the fixed 

point from the centre of the sphere. 

5. A cylinder is constructed on a single loop of the curve 

r = a cos nd having its generating lines perpendicular 
to the plane of this curve ; determine the area of the 
portion of the surface of the sphere a?' + ^ + «' = a' 
which the cylinder intercepts; determine also the 
volume of the cylinder which the sphere intercepts. 

Eesults. 



the volume =^7|-Q. 



NGE OF THE TAItlABLES IN A MULTIPLE INTEGRAL. 



). We have seea in Art 62 that the double integral 

{xyy)dxdy is equal to I I i^{x,y)dydx when the 

ire constant, that is, a change in the order of integra- 
oduces no change in the limits for the two integrations, 
iien the limits of the first integration are functions of 
ler Tariable, this statement no longer holds, as we have 
I several examples in the seventh and eighth ChapteiB. 
7e here a few additional example& 

). Change the order of integration in 
J j 4>ix,y)diedy. 




le limits of the integration with respect to y here are 
and y = >/(a' — a?) ; that is, we may consider the 
aJ. extending from the axis of « to the boundary of a 
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Thus the traiiBformed integral ia 

Change the order of integration in 

I j 4>{x.y)daidy. 




int^ration for y is taken from y = -r- to y = 3a — ar. 

a? 
lation y = T- belongs to a parabola OLD, and the 

k « = 3a — ic to a straight line BLC, which passes 
L, the extremity of the latus rectum of the parabola. 
) the integration may be considered as extending over 
a OLBSO. Now let the order of integration be 
; we shall have to consider separately the spaces 
iij SLS. For the space OLS we must integrate 
= to a; = 2V(«y}i and then from 5 = to y = a; 
the space BLS we must integrate from a; = to 
-y, and then from y = a to tf = Sa. Thus the trans- 
integral ia 

a Mori fiafia-y 

^{x,y)dydx+j j 4>{ai,y)dydx. 
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CHANGE OF THE VARIABLES 




space OBDA. Let the order of the integration be changed; 
we shall then have to consider separately the spaces OADG 
and CDB. For the space OADG we must integrate from 

aj=0 to aj = a, and then from y = to y = T . For the 

space CDB we must integrate from a? = to a? = — ^^ ^ ^ 

and then from y =-t to v = 1. Thus the transformed in- 

tegral is 



'6+a ra 



ft(l-») 



b+a 



236. Change the order of integration in 

^h re -fix 

oJxx 
c 



<l> (a?, y) dx dy, 



where h = r . The transformed integral is 



X + yLt 



V 
'Kh fX 



c-y 



I I <f>(p^>y)d7/dx+ I <f> (x, y) dy dx. 

Jo J J \hJ 
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We now proceed to the problem which is the main object 
of the present Chapter, namely, the change of the rariables in 
a multiple integral. We begin with the case of a double 
integral. 

239. The problem to be solved is the following. Required 

to transform the double integral 1 1 Vdx dy, where F is a . 

function of x and y, into another double integral in which the 
variables are u and v, the old and new variables being con- 
nected by the equations 

<Ai (a?, y, u, v) = 0, ^ ^, (x, y, u, v) = (1). 

We suppose that the original integral is to be taken be- 
tween known limits of y and ^; as we integrate with respect 
to y first, the limits of y may be functions of x. Of course 
while integrating with respect to y we regard x as constant. 

We first transform the integral with respect to y into an 
integral with respect to v. This is theoretically very simple; 
from equations (1) eliminate u and obtain y as a function of 
X and V, say 

jr = ^(a;.«) (2), 

from which we get 

dy = 'yfr (a?, v) dv, 

where yfr (a?, v) means the diflferential coeflScient of yfr (x, v) 
with respect to v. 

Substitute then for y and dy in I Vdy, and we obtain 
dv, where V^ is what V becomes when we put 



j V^ylr' {x, v) 



for y its value in F. Hence the original double integral 

becomes 



jjV^ylr'(x, v)dxdv. 



Thus we have removed y and taken v instead. As the 
limiting values of y between which we had originally to 
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We have thus given the complete theoretical solution of 
the problem ; it only remains to add a practical method for 
determining yfr (x^ v) and ;^' (v, u) ; to this we proceed. 

dv 
We observe that '^' {x, v) or -^ is to be found from equa- 
tions (1) by eliminating -m, considering x constant : the fol- 
lowing is exactly equivalent ; from (1) we have 

dy dv du dv dv \ dy dv da dv dv 

d^^.d^ d^^dy d4>^ 

T^T ' J. du ,^ dy dv dv du dv dv 
iilmimate -y-; thus i, = ■,, » 

dv d^ d^ 

du du 



therefore 



d<f)^d^ d^^ d<l>^ 

dy dv du du dv 

dv a^^d<f}^ d<f>^ d^3 * 

du dy dy du 



This then is an equivalent for -^'(a?, v), supposing that after 
the differentiations are performed we put for y and u their 
values in terms of x and v from (1). 

dx 
Again, x(^, u) or -r- is to be found from equations (1) by 

eliminating y, regarding v as constant: the following is 
exactly equivalent ; from (1) we have 

d<t>,dx ^ d<f>^dy ^ d<f>^^^ d^dx ^d^dy ^d^ ^^ 
dx du dy du du ' dx du dy du du 

From these equations by eliminating -^ we find 

d^^d<f>^ d<l>^d<f)^ 

dx _ du dy dy du 

du d^d(f}^ d(f>^d(f>^' 

dy dx dx dy 
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3 obtain 



^^ dx dy dx dv 
nuBt substitute for x and j 
im (7). 
! may ivrite 

■'■' ths dii du d 



' dx dy dx dy 
we must substitute for x and y their values to be 
id from (7). 
IS we may ivrite 



(8). 

^ dxdy dy dx 
s formulae in (4), (6), and (8) are those which are 
■ pven ; they contain a simple solution of the proposed 
n in those cases where the limits of the new integra- 
re obvious. But in some examples the difficulty of 
ining the limits of the new integrations would be veiy 
and to ensure a correct result it would be necessary 
of using these fonnulie, to carry on the process pre- 
in the manner indicated in the theory, by removing 
the old variables at a time. 

I. The following is an example. 

[uired to transform I I Vdx dy, having given 

y +x = u, y = uv. 

he given equations we have x=u{l~v), y = i*p; 

dx , dx dy dy 

-j- = l-r, j~ = — w, -r = v, -^=u; 

au dv du dv 

dx dy dx dy ,, ^ . 
re j--f-j--^—w(l-i))+u« = a. 

du dv avau 

Qce by equation (6) of Art, 239, we have 

j'j" Vdx dy =jjVu dv du ; 

have not determined the limits of the integrations with 
; to u and v, so that the result is of little value. We 
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uisformed integral becomee 

'V'udvdu+j j'v'udvdu. 
infiaite, these two terms combine into the 

n'v'udvdu. 
tkamj^e. Bequired to transfcam 
jj^ Vdxdy, 

x = u, y = uv. 

bole operation aa before ; so that we put 
_ vx , dy X 

l — v dv (1 — v)* ' 

re have tt = 0, and when y = c — a; we have 
the integral is trajisfonned into 

'1° V^il -vrdxdv. 

ie order of integration ; thus we obtun 

J V^xil-v^dvdx. 

«(! — ») and -j- — l — v; the limits of u 
Sence we have finally for the transformed 



JoJo 
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)res^ng the accents we may write 

jj^ ((KB + hy) dxdy=jj<f> {kx) dx dy, 

= VCa' + 6*). The Hmits will generally be different 
o int^rals ; thoee on the rightrhand side must be 
id by special examination, corresponding to given 
the left-hand side. 

FourQi Sxample. Transform I I Vdxdy, having 

, y = Ju + Of, a being g 
thus ay — hx= (a* — J*) c, i 

^^n^' Kdxdv, 



ta + ho, y='hu + av, a being greater than b. 
late «, thus ay — hx= (a* — J*) v, and the first trana- 



change the order of integration ; this gives 

ive now to change from a; to u by means o£ the 
x = aii + bv, which gives -r- = a ; ■the limits of u 
ling to the known limits of x are easily ascer- 

(re have finally for the transformed integral 

_t_ e-te e-iv 

if"'*! ", V'dvdu+{a^-i^)j ^^ f "^ V'dvdtt. 

orrectness of the transformation may be verified by 
y to bq some -fiimple function of x and y ; for 
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dx _dzdx dzdy 
dB'dxde'^^de' 
dz _ds dx dz dji 
dif> dx dtp dy dif> ' 



dz _dr 

d^ d<j> 



z dy dz dji 
0d^~'^d0' 



. (-j2jCm6 — rBm6\ f-,-7sin^sin0 + r sin 5 cos ^ J 

— -riC0&6 (-^sin 9 sin ^ + r cos 5 sin ^j, 

r sin (f)-j-i-i- rain cos cos ;^ — '■' sin'5 cos ^, 
e deDominator is 

dx dy dx dy 

d0^^~d4>d$' 
lue of whicli was found before ; thus 

r sin 6 cos ^ cos -j^ — r sin (^ -r; — r* sin* cos if> 



rly 
rco 




frsin^ 






9 


,m,f 



9(rco,9 + si„«*) 
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linate ^- and -,- ; thus- we find 
aw aw 

au do du. dv 

dw\du, dv dii do) 'du>\dii dv da do) 

dw \du dv du dv) ' 
ce the integral ia transformed into 

N 



III-. 



du do du da 

\ indicates what V becomes when for z ita value in 
' w, y and w is substituted. We must also determine 
its of w from the known limits of z. Next we may 
the order of integration for y and w, and then pro- 
before to remove y and introduce v. Then a^&m we 
change the order of integration for w and x and then 
I X, and finally remove x and introduce u. And in ex- 
t might be advisable to go through the process step by 
Older to obtain the limits of the transformed integral. 
may however more simply ascertain the final formtila 
Cransform the integral with respect to z into an inte- 
li respect to w as above ; then twice change the order 
lation, so that we have 



///' 



du dv du dv 



we have to transform the double inte^^ with respect 
1 y into a double integral with respect to w and v by 
if the first two of equations {1). Hence we know 
239 that the symbol dxdy will "4)6 replaced by 



\au dv . au, dvj 
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246. It may be instructive to illustrate these transforma- 
tions geometrically. We begin with the double integral 




Let / 1 Vdx dy be a double integral, which is to be taken 

for all the values of x and y comprised within the boundary 
ABCD, Suppose the variables x and y connected with two 
new variables u and v by the equations 

«^=/i(«*>^X y=/aKv) (1)* 

From these equations let u and v be found in terms of 
x and y, so that we may write 

u^F,{x,yl v = F,(x,y) (2). 

Now by ascribing any constant value to u the first equa- 
tion of (2) may be considered as representing a curve, and by 
giving in succession diflFerent constant values to u, we have a 
series of such curves. Let then APQG be a curve, at every 
point of which F^ {x, y) has a certain constant value u ; and 
let A SRC be a curve, at every point of which FApc, y) has 
a certain constant value u -f Sw. Similarly let BTSD be a 
curve, at every point of which F^ (a?, y) has a certain constant 
value V ; and let J5' QRjy be a curve, at every point of which 
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the ambiguity of sign would disappear in an example in 
which the limits of integration were known. In finding the 
value of the transformed integral, we may suppose that we 
first integrate with respect to v, so that u is kept constant ; 
this amounts to taking all the elements such asPQRS, which 
form a strip such as AA! C G. Then the integration with 
respect to u amounts to taking all such strips as AA'G'C 
which are contained within the assigned boundary ABGD. 

247. We proceed to illustrate geometrically th« trans- 
formation of a triple integral. 




—X 



Let \\\ Vdx dy dz be a triple integral, which is to be taken 

for all values of x, y, and z comprised between certain as- 
signed limits. Suppose the variables x, y, and z connected 
with three new variables u, v, w by the equations 

^ =/i (**> ^' ^)' y =/» (^' ^> ^)' ^ =/8 (^' ^> ^) (!)• 

From these equations let w, v, and w be found in terms of 
X, y, and z, so that we may write 

u^F^ (a?, y, z\ v^F^ix, y, z), w-^F^ (a?, y z) (2). 
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These results shew that P, A, B, C, D, E, F, Q are ulti- 
mately situated at the angular points of a parallelepiped; and 
the volume of this parallelepiped may be taken without error 
in the limit for the volume of the solid bounded by the six 
surfaces which we have referred to. Now by a known theo- 
rem the volume of a tetrahedron can be expressed in terms 
of the co-ordinates of its angular points, and the volume of 
the parallelepiped PQ is six times that of the tetrahedron 
ABPC. Hence finally we have for the volume of the paral- 
lelepiped 

(dx fdy dz dif dz\ dy fdz dx dz dx\ 
" \du \dv dw dw dvj du\dv dw dw dvj 

+ -7-( j-TT^ — -7- -r][BuSvBw=-\- NSuSvSwsaj. 
du \dv dw dw dvj) "^ 

Hence the triple integral is transformed into 

±jjjrNdudvdw; 

the ambiguity in sign would disappear in an example where 
the limits of integration were known. 

248. We have now given the theory of the transforma- 
tion of double and triple integrals ; the essential point in our 
investigation is, that we have shewn how to remove the old 
variables and replace them by the new variables one at a 
time. We recommend the student to pay attention to this 
point, as we conceive that the theory of the subject is thus 
made clear and simple, and at the same time the limits of the 
transformed integral can be more easily ascertained. We do 
not lay any stress on the geometrical illustrations in the two 
preceding Articles; they require much more development 
before they can be accepted as rigid demonstrations. 

249. Before leaving the subject we will briefly indi- 
cate the method formerly used in solving the problem. This 
method we have not brought prominently forward, partly 
because it gives no assistance in determining the new limits, 
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ith respect to the limits of integration we can only 
he general direction, that the new limits must be so 
as to include every element which was included by the 

aits. 

0. Similarly in transfoiTaing a triple integral 

ocess was as follows. Let the new variables be m, v, w ; 
ming dz we must suppose x and y constant ; thus we 

ds^^da+'^dv + ^r dw, 
du. dv dw 



0. 


=£^»4:*^ 


d^. 





4:^"H-s*^ 


£-. 




Nda 






dxdy 
dudv 


dxdii 





N has the same value as in Art. 247. 

:xt in forming dj/ we have to regard x and z as constant ; 
by (1) we must regard ii> as constant ; thus we have 

^ du dv 

du dv ' 

fdy dx di/ dx\ , 

J \dv du dudv} ,„, 

ore ay = ■ '"^ 



^ax 
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3. Prove that 



j j <l>{a'a? + hy)dxdy = —j^<l>{x)dx. 

4. Transform jlVdxdi/f where y = icw and ^ = ^ . 

If the limits of y be and x and the limits of it? be 
and a, find the limits in the transformed integraL 

Besult. F'v (1 + uY^dudv. 

J oJ 

5. Transform rj e"<*"+2av®°^*+3^c&cfy from rectangular to 

polar co-ordinates, and thence shew that if the limits 
both of x and y be zero and infinity, the value of the 

integral will be tt-- — • 
® 2sma 

6. Transform I \ <}>(x, y) dxdy to polar co-ordinates, and 

/oJo^ 

indicate the limits for each order in the transformed 
integral. 

Shew that 



pr^ dxi 



dxdy _lj. -1 ^^ 



7. Apply the transformation from rectangular to polar co- 
ordinates in double integrals to shew that 



+00 /•+« 



J 



a dxdy 27r 



00 ^ —00 



(aj'+2^ + a'')*(a?+3^ + o'*)* « + «" 



8. Traosform the double integral \\f{x, y) dxdy into one 
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13. Find the elementary area included between the curves 

^ (^> y)^^* '^ (^» y) = ^> ^^^ ^^ curves obtained by 
giving to the parameters u and. v indefinitely small 
increments. 

Find the area included between a parabola and the 
tangents at the extremities of the latus rectum by 
dividing the area by a series of parabolas which touch 
these tangents and by a series of straight lines drawn 
from the intersection of the tangents. 

14. Transform the triple integral | \\f(x, y, z) dx dy dz into 

one in which r, y, z are the independent variables, 
having given '^(a?, y, z, r) = ; %nd change the vari- 
ables in the above integral from x, y, z to r, 6, <b, 
having given 

•^ (aJ, y, z, r) = 0, -f , (y, Zy r, 6) = 0, -f , {z, r, 0, (f)) = 0. 

dyfr d-^^ d^^ 

HesuU. - Hit ?" ? 




dx dy dz 
15. Transform the double integral 

in which x^ y, z are connected by the equation 
aj' + 2/* + «* ^ 1, to an integral in terms of and ^, 
having these relations, 

0? = sin ^ V(l — ^' sin' B)y y = cos ^ cos ^, 

z = sii^ V(l "" ^' sin'^), m' + n* = 1. 

Hence prove that 



IT W 



n' «t* cos* g + n* cos^ ^ M J . _ w- 
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DEFINITE INTEGRALS. 



252. When the indefinite integral of a function is known, 
we can immediately obtain the value of the definite integral 
corresponding to any assigned limits of the rariable. Some- 
times however we are a):)le by special methods to assign the 
value of a definite integral when we cannot express the 
indefinite integral in a finite form ; sometimes without actually 
finding the value of a definite integral we can shew that it 
possesses important properties. In some cases in which the 
indefinite integral of a function can be found, the definite 
integral between certain limits may have a value which is 
worthy of notice, on account of the simple form in which it 
may be expressed. We shall in the present Chapter give 
examples of these general statements. 

We may observe that a collection of the known results 
with respect to Definite Integrals has been published in a 
quarto volume at Amsterdam, by D. Bierens de Haan, imder 
the title of Tables d'lnt^gralea D^finies, 

253. Suppose/(a7) and F{x) rational algebraical functions 
of Xy and f(x) of lower dimensions than F{x)^ and suppose 
the equation F{x)^0 to have no real roots; it is required to 
find the value of 



..Fix) 



/ 



dx. 



It will be seen that under the above suppositions, the 
expression to be integrated never becomes infinite for real 
values of a?. 

Let a + ^ VC — 1) ^od a — /8 V(— 1) represent a pair of the 
imaginary roots of F{x) = 0; then the corresponding quadratic 
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Lay be put in the form 
•A^ + ,.. +A.] logA 



7+W 






.....,^tl: 



<+^ 



ince f[x) 18 at least two dimensions lower than F{ii) 
■e j4, + -4, + ... +j4, = 0. Thus.the above espression 
s to the second part, which is finite when h is infinite, 
nee when the limits are — oo and + oo the sum of the 
we are considering vanishes. 
then we suppose F{a^ to be of 2n dimensions, and 

B^ to be the n constants of which we have taken 

16 type, we have when f{x) ia at least two dimensions 
ban F{x) 

Jli^^^-^IB.+B, + +5,J. 

As an example of the preceding Article we take 

m and n are positive integers, and m less than n. Here 

■^-BV(-l)-2„(a + ;8V(-l)r"-""" 
is known that the values of a+/9^(— 1) are obtained 
le expression 

(2r+l)7r , „ ,, ■ (2i- + l)jr 



/: 



' + V(-i) 

sively the 
mometry, C 

us, by Be Moivre'a theorem^ 



ing to r successively the values 0, 1, 2, up to 

see Plane Trigonometry, Chapter XXUI. 
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255. In the last formula, of the preceding Article put 
a^ = y, and suppose — h — - = ^ ', tl»us we obtain 



rr'<».. 



akir" 



.(1). 



result holds when k has any value comprised between 
For the only restriction on the positive integers m 
that m must be less than n, and therefore by pro- 

MDsing m and n we may make — 5 equal to any 

proper fraction which has an even denominator when 

vest terms. And although we cannot make — ^ 

qual to any fraction which has an odd denominator 
its lowest terms, yet we can make it differ from 
action by as small a quantity as we please, and thus 
he required result. 

Le last result put of for y, where r is any positive 
: thus 




3nly restriction on the positive quantities r and s is 
list be less than r. 



itudent will probably find no serious difBculty in the 
ve have indicated for proving the truth of equation 

^ is a fraction which has an odd denominator when 
rest terms ; nevertheless a few remarks may be made 
ill establish the proposition decisively, and which 

serve as useful exercises in the subject of the pre- 
pter. 

J. 1+y 1, 1 + n 1, 1+y 



.,7r 
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Wj and t*j. Hence as p may be indefinitely increased we 

have finally u^ = - — j- 

sin ic„ 

EuUrian Integrals. 

256. The definite integral [ scf'^ (1 - a?)-"' dx is called 

the first Evlerian integral; we shall denote it by the symbol 
B (Z, m). This integral is sometimes called the Beta function. 

The definite integral / e^x'^'^dx is called the second 

Jo 
Evleria/n integral; it is denoted by the symbol V («). This 
integral is sometimes called the Oamma function. 

We shall now give some of^the properties of these inte- 
grals ; the constants in these integrals, which we have denoted 
by I, m, 7i> are supposed positive in all that follows. 

257- In the first Eulerian integral put a? = 1 — « ; 

thus f 'aj*-^ {l--x)^'dx^ f V-* {l^z)'-'dz; 

this shews that the constants I and m may be interchanged 
without altering the value of the integral ; that is, 

B(l,m)=B{m,l). 
Again in the first Eulerian integral put x = ^ ; thus 



1 






dif 



H-in 



1 

258. Let e~"=y, BO that x = log - ; then we have 

I 6"*a?»"'dx=j Aog-j dy, 
which consequently gives another form of T (n). 
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rwr(!). 

^'dy _ Tlf)V[m) 
1 + j,)™ r(( + ra)' 

'''"' ry+m) • 

result of the preceding Article, suppose 
m is less tlian uoity, 

f^=rHr(i-m), 

ience, by Art. 255, if m is less than unity, 

r.)r(i— »)=^I— . 

^ in the last result ; then 

r(i)r(i)-^, 

ig Art, 255, we have 

• y'-<iy 
r(!)-V«-. 

itither proof of the last result. 
Ix; then it is obvious that u also 



=^/.'i^=^^l- 
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our power to suppose r an integer ; then 
right-hand side, by Art. 33, is 

1-2.3 r „ 



+ 1) («+r-l) ■ 

ndefioitely, then y vanishes and we have 

, 1.2.3 .■ ^, 

»(" + l) ("H-r-l)'^ • 

result of the preceding Article we have 
i of this is obtained by supposing n = 1 ; 

?=(-$)(-¥) M") ■■ 

le right-hand side is known to be equal to 
Vrigon&metry, Chapter xxiii.: thus 

m) r (1 -m) = ."^ (Art. 259). 

now establish the following equation, n 



-©■■ 



rder of the factors we have 

l^„/', 2\ 



■-©• 
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I Gauss ; a more rigid proof is given in Legendre's 
ie Calcid Integral, Vol. ii. p. 23 ; see also the 
VE(^e PolytedLnique, Vol. XVI. p. 212. 

Take the Ic^aritbms of both sides of the formula 
in the preceding Article, and differentiate with 
t ; thus we obtain 



TCx)' 






+ nlogn (1), 

dt ' 



) stands for 

itiate ^aiu ; then, putting z for 



r^+ E — +•■•+ — s r 

made infinite the right-hand side vanishes, for it 
timately 

m J , dor 

1 l, dlogr{x + \) dlogV{x) \ 
n\ ' dx dx y 

ire see that if 2 be infinite — ^ . ^ ^ vanishes. 
dx' 

/,^ r(ai + l) V[x-¥t) r(g + 3) 

^'^' X x{x+\) fl!{aj + l)(a! + 2)' 

^arithms uid differentiate twice with respect to x ; 



!1M. 



'■»"^(» + l)'^(a; + 2)' 



i + ...oJi»/....(2). 
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Increase n indefinitely; then the right-hand side be- 

-p log r (a?) dx^ that is 
log r (2) - log r (1), that is zero. 

Hence the limit of t, , . — log w, when n is made infinite, 

is zero. 

In (3) suppose x infinite ; hence, with the aid of the result 
just obtained, we see that C is equal to the limit when n is 
infinite of 

^■♦•i+i+i-*- +s-^*'s«- 

It is easy to shew by elementary considerations that this 
limit is finite. See Algebra, Chapter LV. Example 12. 

The value of C to 10 places of dechnals is -5772166649 ; 
the calculation has been carried to more than 100 places 
of decimals : see Proceedings of the Royal Society, Vol. xix. 
p. 514, and Vol. XX. p. 29. 

269. In equation (2) of the preceding Article change x 
into aj + l; thus 

d*\ogV{l + x) 1, 1 , 1 ,' . 

differentiate n — 2 times ; thus 



^^^^^^-^n-^r\^.*j^^ 



2)' 



:« +3)- ■•■••• •}• 



Let 81, denote the infinite series 1 + 5;; + Kii + ••• ; then, 

if n be not less than 2, the value of ^^ i, when 

«»0, is |n>-l(-l)r/SL. 



i 
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^Biaxv *^ 2 * 3 * 

^ ' 2 °sma^^• 3 5 

iBuIt may also be -written thus : 
IT,/-, \li ''^ 1, 1+ic 

+ {1-C)x~l{8,-1)^-Ii8,~l):>?-..., 

be series in the last line converges rapidly when x 
■&lly less than ^ . 

From equation (2) of Art;. 268 we see that 
- is always positive, and is finite if a; be positive : 

-^ — ~ increases algebraically as x increases from 

ity, and therefore cannot vimish more than once. 
) cannot have any maximum within this range of 
c, nor can it have more than one minimum. It is 
i that r (x) has one minimum, between x = l and 

■r(2)-r{i). 

ermine the minimum of F (1 + x) we differentiate 
series found for logr(l+a:), and equate the result 
This gives an equation from which it is found by 
L+a; = l-4616321.... 

Atany definite integrals may be expressed in terms 
tana-Jv/ncHon ; we shall give some examples. 



tegral f 

/" e~*dy 



€""**' da; becomes by putting y for aV 



that is, 5;-r(}), or; 
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tegral being eo taken as to give to the variables all 
e values conBiatent with the oonditioa that x+i/+e+... 
greater than unity, 

I will suppose that there are three variables, and conse- 
f that the integral is a triple integral ; the method 
d will be seen to be applicable for any number of 

es. 

) must first integrate for one of the variables, tmppose z; 
nits then will be and 1 — x — tf; thus between these 



Jz-'d 






zt integrate with respect to one of the remaining varia- 
ipposey; the limits will be and 1—x; and between 
imits, by Art. 273, 

V ll—x—y) di/=- TTT ' ,, -, 

9. y 31 3 r(iM+n+i) 

tly integrate with respect to x between the limita and 
B between these limits 

\^{\ A-^iu rwr(m+.+i) 
j«-(i «) '^-r(i+™+» + i)- 

nee the final result is 

Tin) V{m)T{n + \) V{tiT{m + n + \) 

V{V)T[m)V(n) 

i. It is required to find the value of the multiple 



///•■■ 



legral being so taken as to give to the variables all 
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tbe variables He between h and % + AA is 

N[lhf Ai)™*- ■ - i"" "-), 
en AA ie indefinitely diminished, this becomes 

Nll + m + Ti+ ...) *"-"*--' Ai, 

■ r(i)rwrw„, ^, 
r(i+™+»+...)' "• 

. It is required to transform to a single integr&l the 
e integial 



///•• 



,a!^'j"''3"^...y(a: + y+2+ ...) dxdyds .. 



teqrsX being so taken as to give to the variables all 
i values consistent with the condition that x+y+z+... 
rreater than c. 
■will suppose for simplicity that there are three 

es. By the preceding Article if f{^ + y + ^) were 
d by unity that part of the integral which arises from 
iig the sum of the variables to lie between h and 
would be ultimately 

rmrwrw ^^,.. 

r(^ + m + n) 
' the sum of the variables lies between h and h, + AA, 
lue of y(ic + y + z) can only differ from f{K) by a 
liuantity of the same order as Aft. Hence, neglecting 
lare of AA, that part of the integral which arises from 
ing the sum of the variables to lie between h and 
is ultimately 

nee the whole integral is 

is process may be applied to the case of any number of 
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r(p+j) (o+oir* r(p+}+i) '■i'+s' (»+«)'^< 

, r(y)r(; + 2) (p + y)(p + y+l) (a-t)-f« ^ 1 ,, 
r{p + } + 2) 1.2 (i. + al)™" + -J'" 



•"JoCo + oin |r(p + {)^ r(y + } + l) » + a< 
r(y + {+2) 1,2(» 

r(g)f' '"- f, |?(«-i)t 



Ap^■q)^p+q+l)v^q+■i) {a-hfe 

r(y + j+2) 1.2(» + oi)' 

»)r(g) 
y 

;(g + I)(a-})V 
1.2 (« + o!)' 



p)r( g) {<• t"'- (, (a-{)< l-., 

p + !) J.(. + airr ■• + «) 

))r(y) f » ("-Vi 

P + j) J«(» + al)'(»+6l)'' 

a similar manner ve may transform to a single integral 
pie integral 



///, 



a!'"" y^' 3*"' da; dy dx 



the integral is to be taken for all positive values of x, 
z such that a!+y + « ia not greater than h; the quan- 
I, q, r, u, a, i, and c being all positive constants. 

ppose that a is not less than h or c. We have 

w + aa5+Jy + C2 = M4-a(ar + a^)4-6y — (a— c) e. 

iceeding as before we find that the proposed triple iute- 
n be transformed into a series, each term being of the 
jpresented by the product of 
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jtsformations do not affect the condition that the 
quarea of the variables is not to be greater than 

first then to find the value of the multiple integral 

...dx,, the variables being supposed to have all 

itent with the condition that x*-¥x' + ... + m^ 
r than 1 — x'. First suppose that the variables 
mly positive values ; then we obtain the value of 
by supposing in Art. 275, that each of the quan- 
, is unity, that each of the quantities », y, ... is 
ndthat each of the quantities a,ff,... is equal to 
Thus the result is 



ir (}))-■ 



ra-*,")- 



3 variables may have negative as well as positive 
esult must be multiplied by 2""'. Thus we get 

aally, since the limits of a;, will be — 1 and 1, the 
gral is equal to 

fci _i 



i^-^y 



es with the result given by Professor Boole in 
ge Mathematical Journal, Vol. III. p. 280, as it 
1 by integrating his equation (15) by parts. 

is required to transform to a single integral the 

:gral 

/(a,x,+a^, + ... + a„ xJ ^^ 
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ice finally, since the limits of a, are — 1 and I, the 
e integral is equal to 

. Many methods have heen used for exhibitii^ in 
terms an approximate value of T (n + 1) when n is 
rge : we give one of them. 

product e'' ir" vanishes when lc = and when x = x} ; 
may be shewn that it has only one maximum value, 
when a! = n. We may therefore assume 

r'a^^'g-'n'ef (l), 

: is a variable which must lie between the limits — oo 



j\-^d. = .-n-fj^^d 



..(2). 



e the Ic^arithms of both members of (1) ; thus 

aj-wlogas=»-nlog» + i* (3); 

= » + M ; thus 

u~nlog{n + u) =f — nlogn (4). 

, by Taylor's Theorem 

log(„ + »)=log» + ^-2(;_^, 
? is a proper fraction ; thus (4) becomes 

'" VC2)(« + 1'»)~ "■ 
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i of I e-"'^ cos 2rx dx. Call the definite 

ht-hand term by parts ; thus we find 

du__2ru 
dr a' ' 

r Or' ' 

su = — = + constaat, 

ity -which is constant with respect to r, 
ntain r. To determine A we may suppose 

Qes r^^'^dx, that is, ^, (Art. 272). 



'8 2nc dx ■■ 






stated in Art. 214, that when one of the 
is infinite the process of differentiation 

istant maj/ be unsafe ; in the present case 
to justify it; we have to shew that 

i where p is ultimately indefinitely small; 

this quantity is numerically less than 

pi is the greatest value of p, that is. 



1 

the value of I e~( *") dx. Denote it by 
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1 



da 
da 

len the limits of s are so and ; and we 

du „ 

T- = — 2m ; 
da 

d\ogu _ g, 

da ' 

log « = — 2a + constant ; 

e ^ we may suppose o=0; then w = -5- ; 
- ; thus 

ly also apply the principle of integration with 
tant in order to determine some de^nite m- 
iciple may he established thus. 



1-6 

« = J ^ (a;, c) dx, 
I udc =\ I ^{Xj^dcdx 
= t^^{x,c)dxdc; 



imits ate constant, the order of integration is 
62). We Bhall now give some examples of 



DEFINITE INTEGRALS. 
i9. We know that 

I ^ COB rx dx ^ ri~—,. 
Jo k* + r' 

tegrate both sides with respect to k between the limits 
h', thus 



^d' + r'' 

0. Ijet / dx be denoted by A, and 1 ^j dx 

Jo a: ■'Jo 1+a^ 

, we shall now determine the values of A aud B ; the 
r has already been determined by another method in 

;85. 

the integral A put y for tx; thus 
^^rsiaj^ 

Jo y 

lews that A is independent of r. 

. , dB t" xwarxAx 

e have -r- = — I — 5 r— , 

dr Jo l+a;" ' 



\'Bdr=r\ 
U h 1 



Jo rfr Jo « l + ar* 

/>*-f-^-» (!'• 

altiply by e^ and integrate; we obtain ance A is con- 
ffith respect to r 

r'll £dr+ S-^i = confltant. 

)w whatever be the value of r, it is obvious that the 
als represented by A, B, and I Bdr, axQfinUe; hence 

JO' 
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The preceding Article contains a rigorous investi- 
f the values of the integrals A and S; another 
has been sometimes given for finding the value of 
is more simple but far less satisfactory. We will 
now give this method, as it will lead us to notice a 
importance. 



Jo l+ie* 
dB [" xsmrx J 

df—J, T^^- 

= — I cos rxdx+\ :p- 



c(isrxdx + B, 

we will assume on grounds presently to he examined, 
OS ra; <ic = ; thus 



T = S. 



lave to find B from this equation. 3fultiply both 
i -J- and integrate with respect to r; thus 



la a constant, that is, A is iadepeudeut of r. Thus 



e I sii 
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sin ra: da: = , and J cosrxdx = 



. apparently led to the conclusion that the sitie and co- 
rn infinite angle are both zero. The same conclusion 
a be su^ested in otjier ca^es, so that it has been 
bhat " the indeterminate symbols sin so and cos oo 
id in numberless cases to represent each of them, 
lean value of both sin x and cos a:." 
this point however diversity of opinion exists among 
aticians, and the discussion of it would be uosititable 
[ement£U7 work ; the student may hereafter consult 
emoira in the eighth volume of the Gafniyridge Philo- 
Transactions, numbered xv, xix, and xxxil. 



Definite Integrals obtained by Expansion. -. 

If we expand log [1 - ae'V(-i>] and log {1 - aer'^*-"\ 
, we obtain 
- 2a cos x + a') 

= — 2 (a cos a: + n- cos 2iB + 5" cos Sa: + ), 

es being convergent if a is less than unity. Integrate 
les with respect to x between the limits and ir; 

Ic^ (1 — 2a cos ic + a*) d!a! = 0, a being less than 1. 

is greater than 1, since 

g {1 — 2a cos ar + a") = log a* + log [ 1 — cos a; + -,) , 

log (1 — 2a cos a; + o*) At = TT log a' = Sir log a. 

= 1 it may be shewn by Art. 61 that the definite in- 
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296. Similarly from the known expansion 

1 — 2a cos a; + a* 

= 1 + 2a cos a? 4- 2a' cos 2a? + 2a' cos Sx + , 

where a is less than 1, we may deduce some definite integrals ; 
thus if r is an integer 

r' cos rxdx ^ ir(f 
j^ 1 — 2a cos a? + a' "" 1 — a* ' 

for every term that we have to integrate vanishes with the 

assigned limits, except 2a'' I cos* rx dx, 

297. To find the value of ^ V, r — ^ -— , . 

Jo 1 + ar 1 — 2a cos ca? + a 

1 

The term - — ^r ^ may be expanded as in the 

1 — 2acosca;+a *^ ^ 

preceding Article 290; then each term may be integrated by 
Art. 290, and the results summed. Thus we shall obtain 



TT 1 \-\-ae 



.— c 



298. Simaarly, 

dx 

log (1 — 2a cos ex + a*) ^j — -^ = tt log (1 - ae"*). 

299. It is also known from Trigonometry that 

sin ca? . , • « . » • o , 

= sm cx-\-a sm 2ca; + a sm 3caj + . . 






1 — 2a cos ex + a* 
a being less than 1. Hence by Art. 290, we obtain 

x sin cxdx ^ '^ 

^ (1 + a;*) (1 - 2a cos ca; + a*) "" 2 if -a) ' 

This also follows from Art. 298, by differentiating with 
respect to c. 



J o 



DEFINITE INTEGRALS, 
r way it may be shewn that 



il/la + v}+f(, + ,-)]dj: 



Ic COS a: + c" ' 

= i(/(.+ o)+/WJ. 

ton of impossible values for Constants. 

lite integrals are sometimes deduced from 
s by substituting impossible values for some 
ts which occur. This process cannot be con- 
itrative, but will serve at least to suggest the 
n be examined, and perhaps verified by other 
)e Morgan's Differential ami Integral Calculus, 
vill give some examples of it. 

r e~'-i<r-^dx=p-''T{n). 

(i+&\/(— 1), and suppose r=\'(a* + fc*) and 
liat y = r (cos 6 + V(- 1) a™ ^} ; thus 

kT-^ dar = j^ [cos n5 - V (- 1) sin nB] V (n). 
paratiDg the possible and impossible parts we 

r(7i)cos(Ktan-'^) 
"a:"'' c(^hxdx= „ 

(a'+S-)" 

r(«)sm(»tan-'^) 
* «""' sin hxctx= ^ . 

of verification see De Morgan, p. 630. 



DEFINITE INTEQBALS. 

- ^e"*"""' =08 (2« sin 9 + f) . 
'**)*"' sin |(»'+ ^ Jin «| & 

-^«-'«"'Bm(2asm«+D. 

EXAMPLES. 

Jo a! +0V + 0* 26*^3 

rl* -n- 

ite I CO8 {a tan «) (ir. Result ^ c"". 

Jo , 2 

ite { s^^^'dx, Itesult. ~. 

Jo » 

dx ^ ^M J_N 

OS* a: + 6' sin' a:)' 4 \a6' o'A/ ' 

Jj V('«n « ■«* = ;^ [f + l»g (V{2) - 1)] • 

j'V(cot«# = i[| + logM2)+ll]. 

he limiting value of are"** I e^dxvheii x=x . 
BesuU. J. 



e value of 

Jo ' a; ' 

■ a and h are positive, but a and /S positive or 
Lve; and ehew that it is wholly real when 

h&t j cot"' (1 - a: + a;=) (fo = J - log 2. 

le value of I ^ dx deduce that of 

Bestdt. The two integrals are eqmiL 

Jv \ X J 6(0 + if'"**', 

, p\/a!. logic , 

lat I (c *• — e '^)dx = {b — a)^ir. 

lidions of Senate-Souse FT-oblema, by O'Brien and 

p. 44..) 

hat / —. . — — loK - , and reconcile with 

Jo logaJ X " n 

n oT'dx 
luation the result of transfonning I -j by 



EXAMPLES. 
I of the equation 
log {1 - 2e"" cos ^ + e"*"] dB, 

X 

a' 
9 of the equation 

ti xcoaffdd 
}.Zy/{3^ + 2xBm$ + l)' 

sign of the square root is always taken so 
le quantity in the denominator positive. 

an-" (sin a: sin ^) d;c (?y = ^ - 1 . 
vaults obtained from 
I sin ax (T* dx dtf, 
a the integrations in di£ferent order, 
of / e " ""dx, and hence shew that 



being extended over all the positive 
id ^ which make 3:*+ y' not greater than 



290 EXAMPLES. 

44. Shew that 1 — ^5 + -^^ — 



= — I cos {x sin y) dy. 
45. Prove that 



Jo Jo *,««:*» 



rmr 
n' sm — 

71 



(See Art. 66 ; and change the variable y to u where 
y = tix.) 

46. Shew that 

• f e-<^«^»2^^ ^ -^'^^ ''.'^ {^« sin 2^ + ^, cos 20] dx 

sin ^ 

TT 

6 being comprised between the limits ± j- . 

47. Shew from Art 267 that r logr(a?)c?a?is equal to the 

limit when w is infinite of - log -jr {nx) (27r)~2" ri*"**r. 

48. Hence by the aid of Art. 282 shew that 

/«+* 1 

I logr(x)dx = x log oj — a;-f-^log27r. 



N 
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CHAPTER XIII. 



EXPANSION OP FUNCTIONS IN TRIGONOMETRICAL SERIES. 



305. The subject we are about to introduce is one of 
the most remarkable applications of the Integral Calculus, 
and although in an elementary work like the present, only 
an outline of the subject can be given, yet on account of the 
novelty of the methods, and the importance of the results, 
even such an outline may be of service to the student. For 
fuller information we may refer to the Differential and Integral 
Calculus of Professor De Morgan, and to Fourier's Th^orie... 
de la Chaleur. The subject is also frequently considered in 
the writings of Poisson, for example, in. his Traits de Meca- 
niqueyYol. i. pp. 643 — 653 ; in his ThA)rie. . .de la Chaleur; and 
in different Memoirs in the Journal de VEcole Polytechnique. 
The student may also consult a Memoir by Professor Stokes, 
in the 8th Vol. of the Cambridge Philosophical Transactions, 
a Memoir by Sir W. R Hamilton, in the 19th Vol. of the 
Transactions of the Royal Irish Academy, and a Memoir by 
Professor Boole, in the 21st Vol. of the same Transactions. 

306. It is required to find the values of the m constants 
A^f A^, A^,...A^, so that the expression 

-4j sin a: + ^, sin 2a; + -4, sin 3aj + + -^ « sin mx 

may coincide in value with an assigned function of x when x 

has the values 0, 20, 50,... m0, where = — -^r.. 

' ' m + 1 



19—2 



rj 



■"V*-- 



■• l» 



/' ' • '•. 



'. 
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Jjetfix) denote the assigned function of a?, then we have 
hj hypothesis the following m equations from which the 
constants are to be determined, 

f{e)=^A^ sin^ +-4, sin 2^4-^3 sin 3^ + +^«8inwi^, 

/(2^=^, sin 2^ + -4, sin 4^ 4-^3 sin 6^+ +^«8in2»i^, 



/(m^) = -4jSin w^+^jsin2m^+-4j8in3»i^4- . .. . . . 4- -^» sin mwft 

Multiply the first of these equations by sin r^, the second 

by sin2r&, , the last by sinmrd; then add the results. 

The coefficient of -4, on the second side will then be 

sin r^ sin 5^ + sin 2r^ sin 2s5 + ...... + sin mr^ sin ?W5^ ; 

we shall now shew that this coefficient is zero if « be different 
from r, and equal to \[m + l) when s is equal to r. 

First suppose s different from r. Now twice the above 
coefficient is equal to the series 

cos(r — «) ^4-cos2(r — «) 6 •{• + cosm(r — «) 0, 

diminished by the series 

cos (r 4- «) ^ 4- cos 2 (r + «) ^ 4- 4- cos m (r 4- s) ^. 

The sum of the first series is known from Trigonometry 
to be equal to 

• /o . T\ {^-8)0 . (r-8)0 
sm (2m 4- 1) ^^ — ^ sin ^ ^ 

2sm-^ — ^-^ 

. f. . (r-4^) . (r-«)^ 

smj(r-j?)7r- ^ 2 f-Q^^ 2 

that is, to . . a . 

; ' Q . (r-8)0 

2 sm ^ — tH— 
2 

This expression vanishes when r—s is an odd number, 
and is equal to — 1 when r — « is an even number. 

The sum of the second series can be deduced from that of 
the first by changing the "sign of s; hence this sum vanishes 
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tion partly because of its historical interest, and partly because 
it affords an instructive view of the subject. We shall how- 
ever not stop to examine the demonstration closely, but pro- 
ceed at once to the mode of investigation adopted by Poisson. 

308. The following expansion may be obtained by ordi- 
nary Trigonometrical methods, 

, . = 1 + 2A cos — ^—5 — ^ 
1 — 2^ cos — ^-= — - + A* 

+ 2A'cos — —, ^4- 2A*cos — ^—. --\- (1), 

h being less than unity, so that the series is convergent. 

Multiply both sides of (1) by ^ (r), and integrate with re- 
spect to V between the limits — I and I ; also make h approach 
to unity as its limit. On the right-hand side the different 
powers of h become ultimately unity The numerator of the 
fraction on the left-hand side will ultimately vanish, and thus 
the integral would vanish if the denominator of the fraction 
were never zero. But if x lied between — / and I, the term 

IT (v ^ OC) 

cos — ^— ^ — ^ will become equal to imity during the integra- 
tion, and thus the denominator of the fraction will be (1 — A)*, 
and will tend towards zero as h approaches unity. Thus the 
integral will not necessarily vanish ; we proceed to ascertain 
its value. Let v — a? = « and A = 1 — ^r, thus 

f il'-h')<f>{v)dv rg{l+h)if>{x + z)dz 

jl«2Acos^^^^+A» J /+4Asin«|? 

Now the only part of the integral which has any sensible 
value, is that which Arises from very small positive or nega- 
tive values of z ; thus we may put 

. irz _^7rz 
®'°2/'"2/' 

and <l>{x'{'Z)=<l>{x); 



296 EXPANSION OF FUNCTIONS 

the left-hand memlser must be J d (/). Thus we have deter- 
mined the value of the right-naad member when x lies 
between I and — I, both inclusive ; its value in other cases 
' termined by the method explained in Art. 321. 

irly 

&(«)(?» + ^2r/VC")co8— 'J— "^w (2); 

) for any value of x between and t ; but when 
I left-band member must be ^^ (0), and when x = l 
and member must be | ^ {I). 

(l)and (2) by addition 

^ (r) dv + jS.* cos — ,— I cos —j- tf) («) dv.... (3). 

holds for any value of x betweea and I, both in- 

(1) and (2) by Eubtraction 
ij>{x)=jl, sm-pj^8m-^0(v)£fo (4). 

[lolds for any value of x between and I both exclu- 
l when a! = or ^ the left-band member should be 

i;ioa (4) coincides with Lagrange's Formula. 

aay observe that either of the formulae (3) and (4) 
leduced &om the other. Suppose we take (3) and 

-j- ifi [x) instead of (x). Tbua 

2 _.„ ntrx f ntiv . ttv , , , , 
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COS vsmnvdv = (i if n is odd. 



2» .- . 
= -i — : if n M even : 
n'— 1 



H sin 2a; + i-; sin 4a! + . . . + - 



-'}■ 



lids from a;= to x = ir, exclusive of these limit- 



luppose Tve endeavour to expand a constant qnan- 
eries of eines. Denote the constant h; c; then 
ir ^ (u) in formula (+) of Art. 309, and supposing 
)tain 



lividing by c we obtain 

J = am a; + g Bin 3ar + g sm 5a! + . .. 
Ids from x=0 to a; = ir, both exclusive, 
lut n -y for X, we obtain the following formula 
! from y = ~ otoy=s, both exclusive, 

_ =cosy-gcos 3y + g cos 5y - ... 

jxpand a; in a series of cosines. 

nuula (3) of Art. 309, and suppose l = ir; then 

f , vamnv cosnu 

\vcoanvav = — i— ; 

J n n' ' 
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This holds from x = to x = ir, the former inclusive, the 
latter exclusive. 

Expand cosax ia & series of cosines, a not being 



IT COS ax _\ a cos X a cos 2x 
2 sin air ~ 2a ~ a' -l'"*" a'-^ ~"' 
i holds from x = to x = it, both inclusive. 

Expand e" — e"" in a series of sines. 



IT _ „ fgflF . 

(e" — e"""} sin no rfu = — ■- ■ ■ ; 



2 sin 2x , 3 sin 3x 



2 e«- _ e-"- 1- + a" 2' + 



;r+-: 



Expand g"!'-" + e"^*"-*) in a series of cosines. 

er (J f gflir g""*") 

[e"!'-"' + e-al"-")] COS nv dv =- ■ . ■- — r- . 
/ , ^ ' a +n ■ 

IT 6"''-'' + 



2a'^l' + a'^2" + a' 



It may he observed that from the formute which 
en given others may be deduced by integration ; and 
•al the series thus obtained are more rapidly conver- 
in those from which they were deduced. 

example, take the formula for cos a: in a series of 
ren in Art. Sll ; integrate, thus 

g Ix cos 4a; cos Qx 

~ "375 STT" "' 
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however large n may be. We may shew that no error arises 
from this supposition, by proving that the latter int^ral 
vanishes vhen r is increased indefiuitelj. We have 



t{v-x) 



-i/*'W' 



mr(v- 



ws that the integral on the left-hand side will vanish 
infinite, at least if tf>'(v) he not infinite. 

We have not yet alluded to one of the most re- 
points in connexion with the formulae (3) and (4) of 
In these formulae ^(;c) need not be a continuous 
for example, from a; = to 3; = a we might have 
(a;), then from x = a to x = h we might have 
{x), then from x = b to x = c we might have 
(x), then from x = c to x = l we might have 
(a;). The formula (3) for instance would still be 
11 values of x between and I inclusive, as is evident 
mode of demonstration, except for the values where 
itinuity occurs. When for example x = a, then the 
he right-hand member would not be f, (a) or f^ (a) 
|((i) +/, (a)]. If therefore for x = a we have 
(a;), the formula holds also when x = a. 

writers adopt a mode of expression for such a 
s (S) of Art. 309 which draws attention to the pos- 
ontinuity. Instead of <f>{x) on the left-hand side 
^{A{x-i- e) +i^{x~ e)}, where e represents an inde- 
aall positive quantity. Thus when there is no dis- 
r the limit of <f)(x + e) is ij> {x), and so also is the 

{x — e). But suppose that when a; = a we have the 
litr just indicated ; then the limit of ^ (a -|- e) ia 
. the limit of ^ (a - e) is/, (a). 

Find an expression which shall he equal to c when 
veen and a, and equal to zero when x lies between 



EXPANSION OF FUNCTIONS 



ase, and 

t_ 

j <f,{v)dv = kj vdv + k {l-v)dv = ^; 

i 

e required expression is 

kl Skin 2tx 1 6-rrx 1 

re denote this by y, then from a; = to z = ^l both in- 
y = kx, then from x = ^l to x=l both inclusive 
— x) ; for values of x greater than I the values of y 
,a shewn in Art. 321. Thus the value of t/ is the 
e of the figure formed by measuring from the origin 
engths along the axis of a; to the right and left, and 
I on each base thus obtained the same isosceles tri.angle. 

another example we may propose the following: 
unction <ji (x) in terms of sines which shall he equal 
om a;= to a; =o, then he equal to a from a;= a to 
■ a, and then be equal to ir — a: from a; = 7r — atoa; = ir. 

! result is 



true from a; = to a; = ir both inclusive. 

may give the following ^ 
rical interpretation of this | o 



OA CB be a square, such 
4=-^-, and C»5=7r. Take 

the origin, OA for the ': 

X, and OB for the axis of 

let the axis of z he at right angles to the axes of x 

Let a pyramid be formed having OACB for its baae, 

vertex at the point x= -5, y= s. ■''= 6- ^^'^ thefol- 
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x= 5 to a; 


= TT. The result is 


.71* 4 1 
12 + ^^ 


cos 3x cos 5jj 
cosa.- 3. + g. 



^ (cos 2a? cos 4a? cos 6ar ") 



326. Other formulae may be given analogous to those in 
Art. 309; we will here investigate some. We have by Art 309 

^(a7) = 27l ^Wtt^+l^iJ ^(v)cos ^—^ dv...(l). 

This holds when x has any value between and I ; but 
when a; = the left-hand member must be ^<f> (0), and when 
x=l the left-hand member must be J<^(Z). In the same 
manner as this result was obtained we may also prove that 

This holds when x has any value between and I ; but 
when a; = the left-hand member must be ^ (0), and when 
x=l the left-hand member must be ^ {I), 

Subtract (1) from (2) ; thus 

. / N 1 ^00 f ^ , , V (2n — l)7r(v — x) , ,„ 

<f>{x)=^jX,j^<i>{v)cos^ 2r — ^"^ (^)- 

This holds when x has any value between and I ; but 
when ar = the left-hand member must be ^<f) (0), and when 
x = l the left-hand member must be |<^ (l). 

Now in the same manner as (3) was obtained, we may 
obtain the following result, starting with v-^x instead of 

V-'X, 

= |2, J ^(t;)cos^^ 'j^ 'dv (4). 

This holds when x has any value between and I; but 
when a; = the left-hand member must be ^^ (0), and when 
a; = Z the left-hand member must be — ^(f) (I). 
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P.=J/i 



a formula (5) of the preceding Article suppose 

Q since p ia some function of $, we have 

/> = ^, cos ^ + ^, coa 35 + ^, cos 55 + . .. 

-4., A^, ... are certain constants determined by that 



= A sin 5 + s A sin 3^ + V ^, sin 55+ . . 
3 ' 5 ° 

,4, COS 5 + ^ ^, cos 35 + p ji, cos 55 + . , 
= ^^ sin 5 + ^ A^ sin 35 + ^ ^^ sin 50 + .. 



ding thus we obt^o, when n ia indefinitely lai^^e, 

p, = A^ sin 5, or p, » ^4, cos 5 ; 

equations represent a cycloid ; see Art. 105. 

ay proceed to examine the nature, of the resolt 
tangents at the extremities of the original curve 
dined at a right angle. Suppose these tangents 
ined at an angle a ; and put a for { in the formula 
preceding Articla Then we have 



"2a^ 
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first and second terms may be easily found by 

In the tbird term we can change the order of 

m, and apply Art. 285 to find the result of integra- 

respect to u. We shall then obtain the following 



it a: be greater than b. Then each of the three in- 
mshes. 

jet a; be between a and b. Then the first term is 
^^(b); the second term is zero. And, by Art SSs, 

dtt is equal to 5 for values of v which are 

lan X, and zero for other values of v ; so that when 
ply this expression by <ji' {v) and integrate with 

V, we obtain s ^ (6) — s ^ i^)- Thus on the whole 

f> (x), as the value of the original double integral. 

Let a; be less than a. Then the first term is ~^(i), 

.term is ^^(a),andthe third term is ^{^(J)— .^(a)}. 
lie whole we have 

0, as the value of the original double integral. 

finally the double integral is equal to or to 5 ^C*), 
as X lies beyond or within the limits a and b. 



Jo Jq 
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By adding the two results given in Article 330 we 
)he following : if ^ — g be positive, 

isu(x — v)du dv 

I to or to 7^ (x), according as x lies beyond or 
the limits p and q ; and is equal to k ^ (p) SJid 

respectively at the limits. 

result just enunciated may be called Fourier'a Tkeo- 
lis name however is usually applied to that case of 
Bral formula in which we suppose 2 = — oo, and^=« ; 

; then for any finite value of a: 

*W-yj/"*Wcoa»(»-«)<J»*. 

Poisson has given a demonstration of the last result 
J31, which we will now reproduce. Take the formula 

h, -j- = 71A = M ; thus we have 



1 = 



i£*M&+is{£^c<»«(.-^)*(.)Af4, 



a multiple of h, and the summation denoted by 2 
ig for all values of w from A to co . But if I becomes 
;3y great the difference k of successive values of u 
1 indefinitely small, and the sum denoted by 2 be- 
n integral taken with respect to u from u = to 

Thus if we make f = oo , and put du for h, and the 
iutegratioa instead of %, and suppose ^ (v) is such 
■t I 

A (y) dv Tanishes with 7 , we have 
_j * 

^ («)■ = - I / cosu(v—x)<ft {v) du dv. 
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•-ve by traasforming the expression from rectangular 
I polar co-ordioatea that the value of the definite 

itegral f f e-^'^^^f'"''*^ dx dy is equal to 

•J-irF{am-^\, where ^[sins] denotes a complete 

liptic function of the first order of which ^n ^ is the 

.odulus. 

ve that 



^{n^ + a)dx = B\^[a^0)^(^^^). 



■ vq+ft') 



wthat 

nV(l - tan' a)} da; = J tan-'rt^/2 -| cof 

rsinfftanl) 
f(^ =1 ^ 1 d8, determine the geometrical 

eaning of the equation y = xf{mi x). 

airve of double curvature revolves round fie axis 
' x ; shew that the surface generated 

= 2ir I ^/l(ydy + zdz^ + (i/* + a") {dx)% 

d au expression in terms of sines which shall be 
jual to X when x lies between — 5 and 5- , and shall 



2f . 1 

-■(sina! — n s 
r ( 9 



H^sinSo!-.. 



APPLICATION OP THE prrEQRAL CALCULUS 

■ As an example we may take the following qiie&^ 
d the mean distance of all points within a circle 
xed point on the circumference. By this enunciation 
id the following process to be performed. Let tbe^ 
I circle be divided into a large number n of equal' 
ms ; form a fraction of which the numerator is the 
.he distances of these small areas from a fixed point 
lircumference, and the denominator is n; then find 
: of this fraction when n is infinite. 

Krae r,, r,, ... r, to denote the respective distances of 
1 areas ; then the fraction required ia 

l{',+',* ■■■+'.]■ 

both numerator and denominator by rAd^r, which 
ts the area of a small element (Art, 148), thus the 

becomes 

{r, + r, + ... + r,]rAgAr 
nrA^Ar 

limit of the denominator wUl represent the area of the 
lat is, TTc", if c he the radius of the circle. The limit 
umerator will be, by the definitions of the Integral 

[, jjr'dddr, the limits being so taken as to include 

ilements of area within the boundary of the circle, 
e result is 



fj rtcca 



11 be found to give -g— . 

The equation to a curve ia r = c sin d cos 0, find the 
igth of all the radii vectores drawn at equal angular 

s in the first quadrant 
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336. A lai^ ^lane area is ruled with parallel equidistant 
straight lines ; a tbiii rod, the length of which is less than the 
distance between two consecutive tines, is thrown at hazard 
on the area; find the probability that the rod will fall across 
niiB n( the Imes. 

. 2a be the distance between two consecutive lines 
the length of the rod. It is easily seen that we do 
er the problem by supposing the centre of the rod 
ined to fall upon a line drawn between consecutive 
' the given system and meeting them at right angles, 
proportion of the favourable cases to the whole number 
i remains the same after this limitation as before. 

. the centre of the rod be at a distance x from the nearer 
two selected parallels ; then suppose the rod to revolve 
■ts centre, and it is obvious that in this position of its 

the chance that it crosses the straight line, is ^ , where 

Ax 
= x. And we may denote by — the chance that 

itre of the rod falls between the distances x and x+Ax 
le nearer of the two parallels. Thus the chance re- 
will be denoted by the limit of the sum of such qnan- 

B — — that is, it will be — l^t^x, where cobA=-. 
i limits of X are and c ; hence the result 



c fa , . . ,. 2 
- d>sinAdA= - 

aJn ^ ^ m 



arge number of very interesting problems relating to 
bject of the present Chapter will be found in the 
IS entitled Mauietnatical Qwations, with, their solutions. 
he Educational Times.... 
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6. An indefinite number of equidistant parallel straight 

lines are drawn on a plane, and a rod whose length is 
equal to r times the perpendicular distance between 
two consecutive lines is thrown at random on the 
plane ; find the chance of its falling upon n of the 

2 

straight lines. If n = r = 1, shew that the chance is - ♦ 

IT 

7. Two arrows are sticking in a circular target : shew that 

the chance that their distance is greater than the 

radius of the target is — — . 

8. Supposing the orbits of comets to be equally distributed 

through space, prove that their mean inclination to 
the plane of the ecliptic is the angle subtended by an 
arc equal to the radius. 

9. A certain territory is bounded by two meridian circles 

and by two parallels of latitude which diflFer in longi- 
tude and latitude respectively by one degree, and is 
known to lie within certain limits of latitude ; find 
the mean superficial area. 

10. A straight line is taken of given length a, and two other 

straight lines are taken each less than the first straight 
line and laid down in it at hazard, any one position 
of either being as likely as any other. The lengths of 
these straight lines are b and b' ; it is required to find 
the probability that they shall not have a part ex- 
ceeding c in common. 

Result. -; j^, vjf . 

(a — 6) (a — b) 

(Camb, Phil Transactions, Vol. viii. p. 386.) 

11. An indefinitely large plane area is ruled with parallel 

equidistant straight lines, the distance between con- 
secutive lines being c. A closed curve, having no 
singular points, whose greatest diameter is less than e 
is thrown down on the area. Shew that the chance 
that the curve falls on one of the straight lines ia 

— , where I denotes the perimeter of the curve. 



CHAPTER XV. 



CALCULUS OF VARIATIONS. 



la and Minima of integrals involving one dependent 

variable mth Jixed limits. 

'. The theory of maxima and minima values of given 
DS ia fully considered in works on the Differential 
IS. If, for example, y denotes any given function of an 
ndent variable x, then we can find the value or values 
lich make y a maximum or minimum, or we can shew 
lere are no such values in some cases. 

1 are now however about to consider a new class of 
A and minima problems. Let t/ denote a function of x 
is at present undetermined ; and let V denote a given 

in of x,y,-^ , -jK Suppose we wish to find the 

a which must hold between x and y in order that the 
il I Vdx, taken between given limits, may have a mazi- 
er minimum value. We cannot here effect the integra- 
ecause y is not known as a function of x, and therefore 
3t known as a function of x; thus the ordinary methods 
ing maxima and minima problems do not apply. We 
i then a new method, which we shall now proceed to 



3. The department of analysts to which we are about 
oduce the student is called the Cahulua of Variations; 
ject is to find the maxima or minima values of inte- 
tpressiona, the expressions being supposed to vary by 












"! 



,r 



receives the increment — 7-j , and as the second differential 
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with respect to x. We shall use Sy to denote an indefinitely 
small quantity which may be any function of x ; and if u 
denote any quantity whatever which depends on y we shall 
denote by 8u the increment which u receives when y is changed 
into y + 8y. Thus, for example, consider the differential co- 
efficient ->- ; when r/ receives the increment Sy this differen- 
tial coefficient receives the increment -7^, so that by S^ 
we mean -r^ • It is often convenient to use the symbol p 
for ^ ; and so also Sp is a convenient symbol for -v^. 

Again, consider the second differential coefficient -7^ > when 
y receives the increment Sy this second differential coefficient 

dx' 
coefficient is often denoted by q we may conveniently use Bq 

for —TT' Similarly r and s may be used for the third and 

fourth differential coefficients of y respectively, and Sr and & 

for -T-T ^^d -j-f respectively ; and so on. 

The differential coefficients are also often denoted by 
y\ y\ y"\ ... ; and thus hy\ By\ By'",... may be used as equi- 
valent to Bp, Bq, Br,... respectively. 



341. The introduction of the symbol B is due to La- 
grange. The student will see that this symbol resembles in 
meaning the symbol d, which is used in the Differential Cy- 
culus. Both dy and By express indefinitely small increments; 
dy however is generally used to denote the change in vcUue of 
a given function consequent upon a change in the value of the 
dependent variable, By is used to denote the change made by 
ascribing an arbitrary change to tho form of a function. The 
quantity denoted by By is called the variation of y. 
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lall now transform this expression by integration by 
'or shortness put 

'f=jr ff.p ^.o iL.s 

di/ ' dy ' dy" ' di/'" 
JFSs'dx = f P ^ fa = PSy - J^ Sy ii ; 

/ VSj'i, - (PSj,). - (Wy). -Q ~hd^ 

(PSi/Jt is used to denote the value of PBy when a-, 
r X, and {PBy) is used to denote the value of PSy 
s put {oTx; a similar notation will be used througli- 

is to be carefully observed that -r- means the com- 

irential coefficient of P with respect to x, that is to 

rming -y— we are to remember that y and its dif- 

coefficients all involve x implicitly. 



dSff ^ dQ f^ 
dx dx ' 



irly 



^rs^^ 



/'"dx = h 



, ^hy dRdZij d'R. 
dj^ dx dx dx^ ■ 



-(-3'-st-s»^).-/:i"^^^- 
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Since H^ — H^ involves only the values of the variables at 
the limits, we shall sometimes speak oiH^^H^ as the terms 
at the limits. 

344. We can now determine the conditions that must 
hold in order that U may have a maximum or minimum 
value. For, in order that U wlslj have a maximum or mini- 
mum value, S U must vanish, whatever By tnay be, provided 
only that it is an indefinitely small quantity. This requires 
that 

K=0 and H^-H.^O. 

For if K is not always zero, it will be in our power to give 
such a value to By as will make SU positive or negative at 
our pleasure, and not zero. Suppose, for example, that the 
highest diflferential coefficient of Sy which occurs in.H —E^is 
the n^. Put Sy = a(x - x^)^ {x — x^^, where a is a function 
of X which is indefinitely small, and is at present undeter- 
mined. Then this value of By makes H^ — H^^ vanish, so that 

SET reduces to I KBydx. Now take a such that it is always 

positive when K is positive, and negative when K is nega- 
tive ; then SET is necessarily positive. And if the sign of a 
be changed, BU i& necessaiily negative. Thus if -ff is not 
always zero, it' is in our power so to take By as to make BU 
positive or negative at our pleasure. 

Hence for a maximum or minimum value of fJwe must 

rxi 
have ir=0; and then / KBydx vanishes, and therefore 

J x^ 

also H^ — JBq must = 0. 

345. The student has now become acquainted with the 
essential features of the Calculus of Variations; these are 

(1) the reduction of BU to the form J5,--H^+ / KBydx^ 

(2) the principle that K must vanish in order that U may 
be a maximum or minimum. Although the subject admits 
of considerable development, by various extensions of the 
problem we have considered, still the two results we have 
already obtained are the chief results. 
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ma of the given conditions. Let as many as pos- 
quantities Sy,, 8^,, Sp,, So,,... be eliminated from 

id then the coefficients of those which remain must 
to zero. The equations thus obtained, together 
which express the given conditions, will form a 

lal in number to the number of constants, and 

'ill serve to determine those constants. 

rbe principal difficulty in examples consists in the 
the differential equation K = 0, and this difficulty 
ly insuperable. 

1 now shew that when V does not explicitly con- 
iependeut variable, one step in the solution of the 
equation can always be taken. It will be suf- 
iractical purposes to confine ourselves to the case in 
ivolves no differential coefficient of y higher than 

^ is supposed not to involve x explicitly, we have 
iplete differential coefficient of V 

dx dx cLe dx dx' 

■ supposition 



= ^"- 



dP d^Q d'R 

dx dj^ dx' 



dx' dx dx 



dx dx dx' 



" dx dx dx\dxdx dx'j ' 

"idif . p<ir _ d WRdy dRd*^ „d'fA 
' dx dx dx\ da^ dx dx dx' da^\ ' 
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J feel a priori certain, as the problem is really 
' this change of the independent variable, that 
the same result as if ve had kept the original 
triable. 

sases considered in Arts. 317 and 348 may be 
e. 

n, let us suppose that V involves only p and 
lifferential ec^uation K= reduces to 



itegration. 


P.- 




dV 
~di' 


-t^ 


«£ 




ategratioQ, 
7= 




«g 



G, are arbitrary constants. In this case the 
aation ^=0 is of the fourth order, and the 
obtained is a differential equation of the second 
we have effected two steps in the integration 
;ial equation ^=0, 

shall now proceed to consider some examples ; 
sady intimated we confine ourselves entirely to 
of the process for finding maxima and minima 



nd the shortest line between two points, 
pie is introduced merely for the purpose of 
i formulae, as it is obvious that the result must 
: line joining the two points. 



,^^ ■•-^'-"rv.: "' ' ■ r- ■ -.^7^^ 
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X to pass through the upper given point. The particle is 
supposed to start from rest, and then by the principles of 
mechanics the velocity at the depth y is *J{^gy), Thus the 

time of descent is / \,c J dx. We may then take 

Here V involves only y and p ; so that, by Art. 347, for 
a minimum we must have 

that is V(i±^- Vl .n. 

that IS, —j-y 717(1^^ ""^^ 

therefore ,. .., =rr = (7. 

Hence y (1 +2^') = a constant = 2a suppose ; 

1 r « 2a — V 
therefore » = : 

therefore |= (^^^ = 7(2^) ' 

therefore a? = a vers"^ - — V(2ay — ^*) + &> where h is another 

constant. 

This shews that the required curve is a cycloid with its 
base horizontal, its vertex downwards, and a cusp at the 
upper point. We may suppose the origin at the upper point 
so that x^ = 0, and then i = 0. 

Here 5, - 5; = [^^^^^-^^ 

rr{(i^%)i-(i>Sy)J. 



V(2aj 



Afl we suppose both the extreme points fixed Sy^ and hy^ 
vanish, and therefore H^-^H^ vanishes. 



CALCULUS OF VAHIATIOSS. 



(C,y-+C .p);_ 

egration, C^taa'p '^;— j-* = 4y+coiist(uit; 

sides of this equation, aua we have 

, to„-.p + £i^.O,) _ ^^^ p_ (2j_ 

m^p from (1) and (2) ; thus 



P,P-P. 



)that4B=c;c,-c;c;. 

} the length of the arc of the carve measured 
oiat ; then, by integrating the last equation, 

t the required curve is a cycloid ; see Art. 72. 
= is the equation to the tangent at the ver- 

id. 

)w examine the expression S^ — ff^; we have 

^.-^3'.('P-s). + ^A«" 

erne points are supposed fixed, Sy, and Sy, 
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Integrals with limits subject to variation^ 

357. We have now suflSciently explained and illustrated 
the method of finding the maximum or minimum value of an 
integral expression involving one independent variable, when 
the limits of the integration are supposed invariable. We 
shall proceed to some extensions of the problem; ^ad we 
begin by considering the modification which arises from sup- 
posing the limits of the integration variable. 

Suppose, for example, that we have two given curves in 
one vertical plane, and that we wish to find the curve of 
quickest descent from one of these curves to the other, the 
particle starting with the velocity obtained in falling from a 
given horizontal straight line. Here we have to^find the 
point at which the particle is to leave the upper curve, and 
the point of the lower curve towards which it is to proceed, as 
well as the path which it is to describe. We have therefore 
to effect more than in the examples hitherto considered, and 
we shall now explain how we may proceed. 

We know, from what has been already given, that the 
curve must be a cycloid with its base horizontal and a cusp 
on the given horizontal straight line. For suppose any other 
curve drawn from any point in the upper curve to any point in 
the lower; this curve cannot be that of minimum time, for we 
know that, without changing the extreme points, we can find 
a curve of less time of descent than this curve, namely a 
cycloid with its base horizonta],and a cusp on the given horizon- 
tal line. Since then we know that the required curve must be 
such a cycloid, the paart of the problem which depends on the 
Calculus of Variations may be considered solved ; and we 
may investigate, by the ordinary rules for maxima and minima, 
the, position of the particular cycloid for which the time is a 
minimum. In fact, taking any arbitrary initial and final 
points, we may find the equation to the cycloid passing 
through these points ; then the time of descent will become 
a known function of the co-ordinates of the initial and final 
points, and we may determine for what values of these co- 
ordinates the time is a minimum. 
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curve is required, the extreme points of which are to lie on 
given curves. 

TiT„ „.:j] consider that limit of the integration for which 
ties are distinguished by the subscript 1. Let 

3re had been no change of the limit, the extreme 
the variables would have been x, and y, before 
and a;, and Y^ after variation. If however ar, is 
ito x^ + dxJ, we have Y^ changed into 

f„, dY, , Id'Y,, ,, , 1 

glecting squares and higher powers of db, we have 
dinto i'i+(-j- ) (ia^i.that is, neglecting the product 
o y, + Sy, + [-^1 (Jar,. Supposing then that the 
ition which ia to be satisfied by the extreme 

r-f(X), 



I a relation between Sy, and (Zx,, so that we can 

ane of them from the complete value of 8 U. 

rlj, the relation can be found between Sy^ and dlr,. 

metrical problems (-^j is the tangent of the incli- 

he axis of a; of the straight line which touches the 
urve at the limiting point ; and y^' (ir,) is the tan- 
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S6I. Let lis now consider the case of the brachistochrone 
problem which has been enuQciated in Art. 357. 
the notation be as in Art 353. Then 

before from the equation ^— ^— = we deduce 

■/(y(i+i>')) = V(2<>); 



US suppose that the equation to the fixed curve from 
the particle is to start is Y=x(^), aii<J that the 
m to the fixed curve at which the particle is to arrive 
^ (X). Then by the preceding Article we have 

be value otBU can be put in the form 
8 V'= \dx^ — \da!^ ; ■ 

iilarly 



■v^"+^'*'<''"' 



» dx^ and dx„ are arbitran'', 50" will not necessarily 
unless \ = and \ = 0. Thus 

1 + jJ.^'Ca;J = and 1 +PtX{^^ " J , 



CALCULUS OP VABIATIONS. 



(2) Suppose that x^ and x^ are also changed, and let 
them become a:, + dx and x^ + dx^ respectively. Then V 
s the additional increment 

'V~\ ^dV~\ . . 

i— and I -^ indicate complete differential coeffi- 

lat is to say, we are to remember that a;, occurs 
in ^o'i's'i ■••! ^^^ similarly for a;,. 

besides the additicmal terms we have already given 
es the increment 

expression must be annexed to the ^gregate formed 
J and the additional terms ah-eady given. 

For an example we will take another modification 
achistochrone problem. Suppose two given curves 
me vertical plane, and let it be required to find the 
quickest descent from one of these to the other, the 
immencing at the first curve. 

he axis of jr l^e measured vertically downwards: 
the ordinate of the starting point, ^en when the 

s y the velocity is i/{^g(jf—yj}- 

we may take 



change y into y — % 
3d to the expression tl 
Article 362, 

V= ^1 _^j ; so that y„ is the only limiting value 



ive then to change t/ into y — y, in the scJution of 
and to add to the expression there given for &U 
found in Article 362, 
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Ivtegrala with two dependent varitMet. 

We have hitherto supposed that T is a function 
jr one dependent variable ; let us now suppose that V 
tion of two dependent variables. 
F" be a function of x, y, z, and the differential co- 
1 of If and z with respect to a; ; let 



f7-=r'r<&, 



13 investigate the variation in the value of U when y 

ceive variations. 

roceediog as in Art. 342 we shall obtain the follow- 

It, 

iU=ff^~ff^ + J,-J„+r\KSy + Uz)dx. 

le symbols have the following meanings ; 

ifore, denotes an arbitrary variation ^ven to y, that is, 

indefinitely small arbitrary function of tc ; 

fore, denotes 

l^__ddV^dV_ 

dy dxdy' da? dy" '"* 

,- , -yyi T-77,... are partial differential coefficients, 

T-;, -7-^ -j-v, ... are comp/efd differential coefficients 

to sb; 

L arbitrary variation given to e, that is, Ss is an in- 

y small arbitrary function of x ; 

itively to e the same as K relatively to y, that is, 

dz dx^' da? da" '"' 

has the meaning already given, and J^ — J, is rela- 
t B the same as H^ — H^ relatively to y. 
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and from this differential equation combined with ^ (a;, y, z) = 0, 
we must find y and z. 

A a hefore, we must also have 

For an example we take the following problem ; to 
le a line of minimum length on a given curved surface, 
two given points. 
i we have 

i7-„ '^ y' L= '^ ^ 

dx V(l + y" + e") ' (£1^(1 + 2/" + «'*) '. 

y, a) = be the equation to the surface on which tha 
, Then by the preceding Article we have, as the oon- 
)r a minimum, 

d y d ^ 

dx V(l + y* + a") dx V(l + .y" + g") 

^~^ 5 ' 

dy dz 

9 represent the length of the arc of the curve ; then 

y' ^y and ^ -=^ 

i the above equation may be written 
d'y ^ 
ds' ds' ,,, 

.3?"5 ™- 

dy dz 
a this we may conjecture by symmetiy that each of 
actions ie equal to 
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Now since the extremity of the required curve is to lie on 
a given curve we may suppose that at this extremity there 
are two relations to be satisfied, which we may denote by 

Then, as in Art. 359, we shall find that 
Substitute in j^ + t/"^, and by reduction we obtain 



dx 



H^^©.*'«^(s)/w}^ 



and in order that this may vanish we must have 

and this shews that the required curve must cut the fixed 
curve at right angles. 

Suppose that from a fixed point on a given surface geo- 
desic curves of a given length are drawn in every direction, 
then the other ends of these geodesic curves will form a 
locus such that every one of the geodesic curves cuts it at 
right angles. For the locus may be taken as the fixed curve 
of the preceding investigation, and so by that investigation 
any geodesic curve cuts the locus at right angles. 

Belative Maxima and Minima. 

368. A class of problems still remains to be considered, 
called problems of relative maxima and minima valuea Sup- 
pose we require that a certain integral U shall have a maxi- 
mum or minimum value while another integral JF, involving 
the same variables, has a constant value; for example, we 
may require a curve which shall include a minimum area 
tmder a given perimeter. Here we do not require that SU 
shall always vanish, but only that it shall vanish for such r^ 
lations among the variables as give s( definite constant value 
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Thus 1 + p' = .- 



(I) 






Ts that the required curve is a circular arc 

the extreme points are supposed fixed, the part of 
1 depends on the limits Tanisbes. 

soDstatits (7,, (7,, a must be determined hy making 
lar arc pass through the given fixed points and have 
L length between them. 

Given the length of a curve, find its form so that 
1 of the centre of gravity may be a maximum. 

the axis of x horizontal, and the axis of y vertically 
ds. Let 6 denote the length of the curve ; then the 

the centre of gravity is ^1 VV(l+y*)<^. and the 



I. 



require a maximum value of 1 Vdx. 
by Art. 347 -we must have 

V=Pp + C^, that is. 
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y + a,V(l+y').^(,^4 



n + 



V(H 



is is a differential equation to the curve which would by 
tion generate the required surface. Supposing that tbe 
if the generating curve are required to pass througli 
[joints, the terms at tbe limits vanish. 

either of the fixed points is on the axis of revolution, the 
y = is to satisfy tbe equation to the curve ; thus (7=0. 
the general equation reduces to 



= 0, therefore y + - 



" - v(i +/) - "■ -"""" " " va+rt - " ■ 

.ves a circular arc as the generating curve. 

2. Given the mass of a solid of revolution of uniform 
J, required its form so that its attraction upon a point in 
s may be a maximum. 

t tbe axis of ic be taken as that of revolution, and the 
)n of the attracted point as the origin. 

it the solid be divided into indefinitely thin slices by 
1 perpendicular to tbe axis of x. If y represent tl^ 
of a slice, x its distance from the attracted point, k its 
Less and p its density, the attraction is (see Statia, 
er XIII.) 



fore the whole attraction of the solid is 
\dx; 



2.,/;;{i 



le mass of the solid is 



pj i/'dx. 
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t L denote the partial differential coefficient of V with 
t to z, M the partial differential coefficient of V with 

t to -T- , and N the partial differential coefficient of V 

ax ay 

as heretofore, we confine ourselves to the first power 
indefinitely small quantities. Hence 

3 value of fi F may be written thus ; 

i differential coefficients with respect to x and y which 
e indicated are complete differential coefficients. 

/'7"4 {^z)dxdy =j'j{{NBz\~(mzU dx, 

[OTz), denotes the value of .NSz when «, is put for y, 
Bz)^ denotes the value of NSz when y„ is put fory, 

i by Art. 216, 

iiMBz)dy = ^jyBzd,-iMBz),%+iMZ.),^, 

[JfSr), denotes the value of J/S^ when y, is putfory, 
'Bz)f denotes the value of JUSz when y, is put for y. 
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f. la the value of 8 C7 found in the preceding Article, 
8 one term which is a double integral involving Be 
the integral signs, and various single integrals de- 
g upon the limiting values of Sz. By the method 
' used in Art 344, it will follow that 8 [7" will not 
ly vanish unless the coefficient of Sz under the double 
1 sign vanishes; thus for a maximum or minimum 
pf U we have as a necessary condition 

X- — - — =0 
dx dy 

is is a partial differential equation for finding z in 
of a; and y; and we may say that the arbitrary func- 
vhich occur in its solution must be determined so 
le remaining terms \a.ZJJ may vanish. But the dif- 
of integrating the partial dtflTerential equation in 
I prevents any practical examination of these term^ 
limits. 

). As an example, let it be required to determine a 
I of minimum area bounded by a given curve. 

re by Art 170, 

-/:/:vh©'-(i)]-*^ 

put as usual 

^ ^ _ rf*^ _ d*g _ d^z _ 

dx dy "' dx' ' dxdy ~ ' dy* ~ 

e condition for a mimraura reduces to 
dM dN ^ 



, to 

1, to {l + f}r~ Spa-a + (!+/)( = 0. 
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— a;, is positive, every element of this integral is 
; thus &U is positive, and therefore a viinimum value 
been obtained. 

Again, take the case of the brachistochroDe, when 
ime points are fixed. Here 

t/'J J- Vy 

ige y into y + 8y, and p into p + Bp; and expand 
value of V. Thus I' becomes 

yq+p'i v(i+p')8.v , £8; 



3(l+p')'(W ?%» , (»)' 

8y! 2jr»(l+3)')l as'a+y-)' 



1 this we can obtain B U. 

by the process of Art. 853 the terms of the first 
8 Fare made to vanish; then, neglecting terms of 
I and higher orders, we have 

r. 1 8i/» 2j«(l+p»)* 2i,*(l+i>')*l 

liave now to investigate the sign of this expression 
e relation between x and y is that which is deter- 
a Art. 3.53 ; and we shall shew by some transfonna- 
it BUis positive. 

a j'(l+rt'-(2»)'. 

Kl 8/ 2y{2<i)' te(2<.)*J 



_J_f-i; 

2(2o)U.. ( 



Sa fSy)* pgygy . y(^)') 
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e s changed into z + Sa, ia consequence of which p 
+ S/> and 2 becomes g' + 8g. Thus V becomes 



(l + g')(Sp)' _ pql plq _(14 



2(l+/ + 5^)i (l+y + g*)! 2(H-/ + /)i 



upposiiig the terms of the first order made to 
J neglecting terms of the third and higher orders. 






:/: 

..J. (1 +/+?•)» '■ 

be term under the integi-al signs is necessarily 
that a minimum value of C/'has been obtained. 



CoTidition of Integrahility. 

'.a Art. 344 we have found that K=0 is a neces- 
ion for the existence of a maximum or minimum 
he integral there considered. It may however 
it in certain cases the relation ^=0 is satisfied 
this case we proceed to exemplify and interpret. 

e we are seeking a maximum or minimum value of 






i:<i 
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considered, but with the maximum or minimum of an expres- 
sion free from the integral sign. 

This species of maximum and minimum problem is con- 
sidered in some of the exhaustive treatises on the Calculus 
of Variations ; as it does not present much interest we will 
refer the student to such works. 

381. We shall now prove universally that the necessary 
and sufficient condition in order that V may be integrable 
without assigning the specific value of y in terms of x, is that 
K=0 should be identically true. An expression which is 
integrable without assigning the specific value of the depend- 
ent variable in terms of the independent variable is sometimes 
said to be integrable per se, and is sometimes said to be im- 
mediately integrable. 

382. We first prove that the condition is necessary. 
Suppose that V involves x, y and the dififerential coefficients 

of y with respect to x up to -t4 inclusive. 






If the function V is immediately integrable the integral 



Vdx can be expressed in the form 

•Co 







'dy\ (dY\ ( d^"y 

where the form of the function denoted by j> remains un- 
changed whatever may be the value of y in terms of x. Now 
suppose that y receives such a variation as leaves the values 
of y and its differential coefficients at ths limits unaltered; 

then from the value of I Vdx it follows that 



ofj 

■J X, 



J Xt 



I 
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ite both sides, from a = to a = 1 ; tliua 



-t(0) 



'I'M^-P-P'--]^-' 



i have the following identically true, 
^(x, u + v, u' + v, 1i" + v",...} 
= ip(x, u, «', «",...) 

ate both sides with respect to x; thus 
j <f){x, u + v, u'+ v, u" + v", ...)dx 
t= I ^ (ar, u, «', «",...) dx 

be last term the order of the independent integra- 
}eoQ changed. 

egration by parts 

id , , d6 f d dtf> , 

:s^,v dx = v~~ Iv^r-ri dx, 
iu au J dxda 

^ "dx = '-^ A ^ + /" ^i^d 

iu" dv," dx du" J dx* da" ' 
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IS I Vdx is here actually exhibited as an expression 

ing of terms, one involving only ordinary integration 
ispect to X, and the others ordinary integration with 

to a. The function u is still in our power ; it should 
>en 80 that none of the quantities which occur become 

or indeterminate ; it may happen that consistently 

:8 limitation we may put « = 0. 

It will now be easy to give the necessary and suf- 
conditions for ensuring that a function shall be inte- 
ger se more than once, 

; P'have the same meaning as before. 

! have, whatever V may be, 

{[\vdJtdx=x{vdx -jxVdx. 

order then that V may be integrable per se twice, the 
ion must of course be satisfied which ensures that it is 
ible per se once ; and then the only additional condition 
ajFmust also be integrable per se once. Thus in order 
■" may be integrable per se twice, the necessary and 
:nt conditions are that the following relations must be 
tally true, l 

^-£^+^iY - =0 m ■ 

dif dxdy da? dy" " ^ 

dVx_d^dVx d' dVx_ ^Q 

dff dx dy da? dy" '" ^ '' 

3 may modify the form of (2). For 

dVx ^ dV d]^^ dV dVx^ dV 

dy '^ dy' dy' '^ dy" df ^ df ' 

d dVx^_^d dV dV 

dx dy' dx dy dy' ' 

^4lE = a-^^ 2— — 
da? dy" dx* dy" dx dy" ' 
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idiUon on the Vanahility of Limita. 

he method we have adopted of treating problems 

ngOB of the limits we have followed the example 

most elaborate works on the Bubject, those of 
Jellett; and we decidedly recommend this 
e beat. We do not ascribe any variation to the 
variable, but only to the dependent variable, 
lod however has been frequently adopted, and it 
lained in order that the student may undeistand 

to it which may occur in his reading, 
lethod a variation is ascribed both to ihe de- 
independent variables. 

3me x + Sx and let y become y + S^, Sx and hf 
itely small arbitrary functions of a; ; it is required 

jiatioDS of ^, T?, ■••• 
ax thr 

e the variation in -p by S^: thus 

ax " ax 





-1 






d„ 
-di 




dx* dx 


_didSx_ 
dx dx 


-%. 


^ quantities of the second order. 

pting the usual notation for a differential CO- 


lav© 


-■s 




= ^ffv-.V8-)+y.S«, 



i-fSx^iSi^lM. 
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dv~\ 

--J- denotes the complete differential coefficient of 
espect to X. 
ZU={Vhx\-{Vhx\-\-\" kv- r^l Sa;J dx. 






^] = 



dV dr , dV „ dV ,., 



dx. 



LoajJ dy ay ay 

lly 

3eed not proceed further as ve have arrived at a 
uivaleut to that in Art. 358 ; we have here oi instead 
' which occurs there, and Sx^ and 5ar, for dx^ and dx, 
ely. 

ometrical applications it Trill he observed that w and 
) hy variation a; 4- Sa; and y + By respectively. Thus 
will correspond to the sc^ + oa;, of Art. 359, and 



rrespond to the [^ + ri~ ^) 



Discontinvous Solrttions. 

Some problems in the Calculus of Variations admit 
tinuoiis solutions, and as the subject has attracted 
tention in recent times a few words may he here 
atly devoted to it. 

here be an integral j^dx which is required to be 

um or a minimum, where <t is a given function of 
and the differential coefficients of y with respect 
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We obtaja 



Su=^L+JMSr/dx, 



atands for 

le known principles of tte subject we put Af=0, 
eade in tbe tisu^ way to 



»=J-s". 



IS anotlieT constoDt, wbictr ia introduced I>j the in- 

the curve is to n>eet the sxia of a; at given points 
/ SB at thoee points ; hence' b = 0, and ^e equation 

3 

-ry= F" + y = ®i tl^i* lead» to a circle which has 

on the axis of x and its radius equal to ~ 2a. 

[ and B denote the given points mi the axis of x. 
ven surface is exactly equal to tbnt of a sphere on 
iameter such a sphere fulfils all the conations of 
em. 

f the given surface he not equal to that of a sphere 
a a diameter, suppose G and B points oa the axis 
t the given surface is equal to that of a sphere on 
iameter. Then we obtain a discontinuous solution 
; for the generating curve the part of the axis of i 
A and C, the semicircle on CJ) as diameter, and 
of the axis of x between 1) and B. This solution 
Bu^ested by observing that the fundamental eqna- 
dned above splits into the two factors ^ = and 

+ 3^ = 0. . 
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4. A rectangular dish is to be fitted with a tin cover rf 
given height having the ends vertical ; determine the 
form so that the amount of material used may be the 
least possible. 

. mountain is in the shape of a portion of a sphere, 
and the velocity of a man walking upou it varies 
as the height above the horizontal great circle of the 
complete sphere ; shew that if he wishes to pass from 
one point to another in the shortest possible time, he 
must walk in the vertical plane which contains the two 
points. 

i^en a curved snriace can be divided by a plane into 
two symmetrical portions the intersection of the plane 
and surface, when an intersection exists, is in general 
a line of minimum length on the surface. 
le History..., page 365.) 
'ind the minimum value of 

le Philoaopkical Magazine for December, 1861.) 
Lequired the minimum value of I i-j-j dx under the 

following conditions ; ^^=1, I -dx = — \. 

(See History..., pa^ge 432.) 
tequired the variation of I Vdx, where F is a function 
of x,y,j-, ~ ,... and v, where w =« I Vdx, and V is 

also a function ot x,y, —-, t4. •■• 
" dx da^ 

(See History..., page 21.) 

let a denote I V(l +p*)dx,3.ad let ^(s) be any function 
of a ; then the relation between x and y is required 
which makes I ij>{s)dx a maximum or a minimum 



gravity. Investigate the form of the vessel that the 
whole pressure which the fluid exerts upoa it may be 
the least possible, the magnitudes of the circular ends 
being given. 

JRemU. The generating curve is a catenaiy. 
"ind the equation given by the Calculus of Variations 
for the transverse section of a straight and uniform 
canal, when one of the three quantitieSj the surface, the 
capacity, and the normal hydrostatic pressure, is either 
a maximum or a minimum, and the other two are 
given, the terminal surfaces and pressures not being 
taken into account. 

(w also that when the surface is a minimum and the 
capacity only is given, the section is circular; and 
when the normal pressure is a minimum the section 
is a catenary or two straight lines, according as the 
surface or the capacity is given. 

' there are two curves with their concavities down- 
wards and terminated in the same extremities, a par- 
ticle moving under the action of-gravity will take a 
longer time to describe the upper curve than the lower 
curve, the initial velocity being supposed the same in 
the two cases. 
e History,.., page 348.) 

.ssuming that a ship's rate of sailing is a function 
of the angle which the direction of its course makes 
with the direction of the wind, shew that the bia- 
chistochronous course between two given positions is 
rectilinear, and that unless it be in the straight line 
joining the positions it is in two directions always 
making the same angle with the direction of the 
wind. 

se Philosophical Magazine for September, 1862.) 
L solid of revolution is to be formed on a given base 
with a given volume so as to experience a minimum 
resistance when it moves through a fluid in the di- 
rection of its axis : determine the figure of the solid. 
36 Researches... Chapter X.) 
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by repeated integration by parts we have 
-.fv_ y-" 1 !' fdg 

+ 1 (m + l)(j + l)"^m+lj, (j, + l)' 



ire see that -^ ( ^ 

1+y 



(m + l)(y + l)^(m + ])(«+2) (y + 1)" 

*(ro + l)(»> + 2)J.(y+l)" 
id so on. 

r ^ , '^ , 2-^ 

[m + 1 "^ (nt + 1 J (w + 2) "^ (m + 1) (ffi + 2) (wi + 3) 

g.3iE* 1 

"''(m + l)(m + 2J(m + 3)(m + 4) "•"■"■;■ 
le required transformation is effected. 

ssample put m = ^ , and divide both sides of the 

by 2: thus 

1 a; 1 a;* \ a^ 

3 1 - K ■*" 3 (1 - a;)» 7 (1 - xf "^ "" 

^ {3 + 3.5^3.5.7^ r 
put sio' 5 for « this gives a known transformation 
: Bee Differential Calculus, Art. 37i. 

In Art. 62 it is shewn that if we integrate a 
of two independent variables, with respect to both 
, between fixed limits we obtain the same result 
i adopt either order of integration, provided the 
remain finite between the assigned limits. Con- 
f by changing the order of integration we change 
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of integration we obtain zero as the result of the first inte- 
gration, and therefore zero also as the final result. 

Now adopt the other order. Integrate -^-^h firs* ^^ 

respect to r; thus we obtain -^. Now Q-^ and -P"^ 

dV 
both vanish when r = 0, so that -^- vanishes when r = 0. 

When r = a we have for the value of -^ — P-j^ a series 

ad au 

proceeding according to descending powers of a; the first 

term of which is — na*" (cos* nd + sin* nO), that is — na*^ : and 

a may be taken so large as to render all the other terms 

insi^ificant in value compared with this. In like maimer 

P* + Q* may also be made to differ as little as we please 

from its first term, that is from a*\ 






that is we have a result differing as little as we please firom 
this by taking a large enough. Then, integrating with respect 
to between and Zir, we obtain — 2n7r. 

Thus by performing the integrations in different orders 
we obtain two different results; and therefore the function 
must become infinite within the range of the integrations: 
and therefore P and Q must simultaneously vanish within 
that range. Bertrand's Ccdcvl Integral, page 188. 

390. It is shewn in Art. 177 that if a curve having the 
equation y = A + Bx+ Ga?+ Da? be made to pass through 
three given points the ordinates of which are equidistant, 
the area bounded by the curve, the extreme ordinates^ and. 

the axis of x is equal to ^ (y^ + 4yj +^3) ; where y^, y,, and y, 

are the ordinates and h the distance between two consecutive 
ordinates. It will be observed that an infinite number of 
such curves can be drawn, since there are four coefficients 
A, B, C, D at our disposal, and only three conditions to de* 
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In the integral put f + 2S for x, then it becomes 

lis vamshes by first prinriples: see Art. 43. Hence 

; does not involve A^i' bat only Ay,, A*y,, ... op to 

and so when expressed in terms of y^, y.,... involves 
ordinates up to y^ inclusive. Tbis establishes the re- 
result. 

is scarcely possible that a result so genend and so 
has not been already ^ven ; but the writer has not 
ithit, 

I. From Wallis's Formula -we may deduce id an ele- 
[y way the formula for the approximate value of 
...3:, when x is very large. Professor De Moi^n 
to have first noticed this in his Differential and Jute- 
'alculm, page 293 ; and the process has been put in a 
imple form by Serret : see his Govts de Catcul Dif- 
el et Integral, Vol. ii. page 206. 

cording to Wallis's Formula, as given in Art. 36, we 

7r__ 2.2.4.4...(2a:-2)(23;-2) Ix 

2 1.3.3.5...(2a;-3J(,2a!-l)2a)-l * ^' 

c is infinite. 



that (1) gives, when x is infinite. 
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sum of the terms on the right-hand side of (6} 

-= X a;, that is less than rr^r • 

OR . }n\ is less than ^s-. and therefore when 

-ia.i (7). 

nd (7) we have when x is infinite 

e^af-j2irx 
les when a; is infinite, 
squired fonnula is estahlished. 

proceed to some further developments which 

' to Serret 

>ser than that assigned by (4) may be foand 

1)" 

•J__ 1 , 3 _ („-!)(- !)• 1 

ISa;" iSf'^'SS '■■■ ■ 2«(« + l)a;"'^'") 
1_ (— 2)(-ir 

!0a? "^2»(7> + l)(n + 2)a;■■^■•■• 

^ie3 the terms are alternately positive and 
J numerical value of the ratio of the term 
'■ a^ to the preceding term is 

■I (.1-1) 1 

n(n-l) + 2(n-3)*af' | 
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J by (8), when x is any positive ititeger, 
(a; + l) = ^log2ir-aT + ^a! + ^jloga! 

+ 2((ar+n + l)log(l + ^)-l) (10). 

tliis equation can now be shewn to hold when x has 
tive value. 

denote by i^(w) the expression on the right-hand 
10) ; then it may be shewn by differentiating twice 

s by equation (2) of Art. 268 

:e, l^ int^ration, 

hgrix + l)=fix)+Ax + B, 
and B are arbitrary constants, 
we know that for all positive integral values of X 

logr(x + l). + M; 
. and B must be zero, and therefore equation (10) 
Id for all positive values of x. 

By Art. 393 we see that log ^ {x) is equal to the 
a series of quantities, which are all positive by 

(5). Hence log if> (x) is positive. Hence by eqiia- 
it follows that 

ai + l) is greater than ^hg 2ir — x + (x + •=] log a:; 

efore F (a; + 1) is greater than e~'a^^2irx. 
ihall now find an opposite limit for T{x + 1). 
xts. 392 and 393 we see that 

og^(^)isIesBthanls ^^^^j^^^^^^^ , 
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Therefore by (9) we have 

log T (x + l)=. ^log2'ir - X + (x + -^j log x 

Now suppose Y expanded in powers of a. By Arts. 95 

and 123 of the Differential Calculus the result is 

here B^^ -B,, ... are called the Numbers of Bernoulli, and 
their values are 

^^ 6' »""30' *"42' ^~30' *""66''"' 

and /*^ (^a) denotes that - — r- is to be differentiated 2r + 2 

times with respect to a, and then 0a put for a, where ^ is a 
positive proper fraction. 

Now, observing that by Arts, 259 and 260, 

* , 1^ 



/. 



'^ 



we have finally 

logr(a; + 1) = 2log27r-a! + ^0;+ sj log» 

■^2a; S.**""^*" (2r-l)2ra;"~' 



This formula includes Stirling's Theorem; for that amounts 
in fact to removing the definite integral at the end of the 
expression just given, and allowing the series to continue 
indefinitely.' 



rSCELLANEOUS PEOPOSITIONS. 
288, 
log a; = I - (e"' — 6"^) di ; 

jr («+i) .j'(^^-^)d, (12). 

putting 05 = we obt^n 

jrt. 268, we have another form for Evler't 

ate (12) and determine the constaot so thai 
>ii the left hand shall vanish when a: = ; 

Y (x + 1) compactly as one definite integral 
en in (11) may be in general more useful. 

JA 
a-o 

TEE END. 



